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Abstract

By constructing a dynamic stochastic general equilibrium model,
which assumes a currency union consisting of two countries with non-
tradables, we verify the importance of fiscal policy cooperation. As
shown in previous studies, we find that the role of fiscal policy is
important in maximizing social welfare. However, we have a con-
trary result for fiscal policy cooperation. While the previous studies
highlight that fiscal policy cooperation has a nontrivial effect in max-
imizing social welfare, we show that fiscal policy cooperation has no
benefits regardless of the share of nontradables. Self-oriented fiscal
policy can replicate social welfare under the cooperative setting.

Keywords: currency union, DSGE, policy cooperation, optimal monetary
policy, monetary and fiscal policy mix JEL Classification: E52; E62; F41



1 Introduction

Although widely discussed in the literature on money and finance and interna-
tional macroeconomics, currency unions still raise new issues in these fields. The
establishment of the European Monetary Union (EMU), which is the largest and
most important, provides researchers with important research agendas.1

For member countries of a currency union, who can no longer conduct their
own monetary policy, the role each country’s fiscal policy plays as a stabilization
or social welfare-maximizing tool is an important issue and has been discussed
in detail by many authors. Assuming a lump-sum tax, Benigno[5] analyzes op-
timal monetary policy in a two-country model with perfect risk sharing. He
implies that a central bank within a currency union can achieve welfare maxi-
mization not only union-wide but also in each country without support from a
fiscal authority. After introducing some frictions, this implication changes. As-
suming a currency union consisting of an infinite number of countries, Gali and
Monacelli[19] insist on a monetary and fiscal policy mix to maximize social wel-
fare. Under this framework, the central bank can maximize union-wide welfare,
whereas it needs strong support from the fiscal authorities to maximize welfare
in each country. Introducing rule-of-thumb consumers, who are constrained to
spending out of their current disposal income, Colciago, Ropel, Muscatelli and
Tirelli[14] find that fiscal policy plays a role not only as a surrogate for the
loss of nominal exchange rate flexibility, but also as a stabilization tool for rule-
of-thumb consumers’ consumption. Ferrero[16] analyzes optimal monetary and
fiscal policy in a two-country currency union with a distorted steady state, and
finds that optimal fiscal policy is essential in a currency union to maximize so-
cial welfare. While these papers only assume tradables, Duarte and Wolman[15]
introduce nontradables in their currency union model and show that inflation
differentials can be stabilized by adjusting taxation, although they did not con-
sider optimization problems for policy authorities. To summarize the policy
implications of these previous studies, fiscal policy is important for stabilizing
an economy or enhancing social welfare in a currency union under assumptions
that take into account the real economy.

After accepting the importance of fiscal policy in a currency union, we now
focus on how to conduct fiscal policy. In particular, discussion on fiscal policy
cooperation is not trivial because the EMU consists of many countries. At
present, only Beetsma and Jensen[3] have clear policy implications on this topic;
fiscal policy cooperation is essential and important for enhancing social welfare
via avoiding Nash equilibria brought about by noncooperative fiscal authorities.2

It cannot be said that the importance of fiscal policy cooperation is an
established policy implication with no opportunity for further discussion because
only Beetsma and Jensen[3] show the importance of fiscal policy cooperation.
However, the Maastricht Treaty and the Stability and Growth Pact provide the

1According to Rose[30], the EMU is the largest and most important currency union.
2Duarte and Wolman[15], analyzing fiscal policy in a currency union with nontradables,

left an analysis of fiscal policy cooperation as a future research agenda.
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legal foundations for organizing fiscal cooperation in the EMU.3 According to
Beetsma and Jensen[3], there is pressure for more fiscal cooperation in Europe.
In addition, the fiscal crisis in Greece in March 2010 urges the member countries
of the EMU implementing cooperative financial assistance, and provides policy
authorities with motivation to discuss the necessity of fiscal policy cooperation.
There is room for fuller discussion of fiscal policy cooperation in a currency union
because so far only Beetsma and Jensen[3] have analyzed it clearly, and such a
discussion is an urgent task for researchers because of the current situation in
Europe.

How important is fiscal policy cooperation in a currency union? To answer
this question, we construct a dynamic stochastic general equilibrium (DSGE)
model with a currency union consisting of two countries with nontradables.
Introducing nontradables is not trivial because Beetsma and Jensen[3] assume
only tradables. Using this model, we analyze two policy regimes: (i) optimal
monetary policy alone, where the central bank conducts monetary policy to
enhance social welfare; and (ii) the optimal monetary and fiscal policy mix,
where not only the central bank but also local governments in two countries
seek to enhance social welfare, under both cooperative fiscal authorities and
self-oriented fiscal authorities. In addition, we solve an optimization problem
based on a well-microfounded loss function and conduct welfare analysis, which
Duarte and Wolman[15] who develop a currency union model with nontradables
to analyze fiscal policy, leave for future research.

The answer to our question is that there are no gains from fiscal policy
cooperation. Interestingly, our policy implication is not dependent on the share
of nontradables. Whether there are nontradables or not, self-oriented fiscal
policy can replicate the allocation brought about by a cooperative setting. This
implication is contrary to Beetsma and Jensen[3]. In addition, it is contrary to
Liu and Pappa[23], who show the importance of policy cooperation in a two-
country model with nontradables under a flexible exchange rate. Our policy
implication is novel compared with previous studies. In addition, our policy
implication does not necessarily depend on parameter values, which removes
fiscal authorities’ incentive to change the terms of trade (TOT), but may depend
on the choice of stabilization tool for fiscal authorities. In a later section in this
paper, we discuss why our policy implications do not depend on parameter
values, and compare the results of our paper with those derived by previous
papers.

Before we analyze fiscal policy cooperation, we show that as the share of
nontradables increases, the role of optimal fiscal policy in enhancing social wel-
fare becomes more important. Nontradables lead to consumption disparity be-
tween two countries, which stems from the consumer price index (CPI) disparity

3Beetsma and Jensen[3] do not mention the plausibility of the Stability and Growth Pact
itself. Canzoneri, Cumby and Diba[12] discuss fiscal discipline and exchange rate systems and
conclude that to maintain a common currency union, the discipline of a Ricardian regime
is essential. They also point out that the fiscal constraint written into the Stability and
Growth Pact is sufficient for a Ricardian regime, although they do not mention fiscal policy
cooperation.
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between the two countries. That nontradables causes the CPI disparity is con-
sistent with Lipinska[22], who analyzes optimal monetary policy in countries
wanting to join the EMU, and shows that nontradables’ productivity shocks
lead to a stronger real exchange rate depreciation. This is the reason why fiscal
policy is important provided it is used to stabilize each economy by mitigating
the CPI disparity.

The paper is organized as follows. Section 2 constructs the model. Section
3 presents a log-linearized version of the model. Section 4 analyzes a role of
optimal fiscal policy under a cooperative setting. Section 5 considers the self-
oriented policy settings needed to secure the allocation brought about by a
cooperative solution. Section 6 concludes the paper. The technical details are
derived in appendix.

2 The Model

We construct a closed-system currency union model belonging to the class of
DSGE models with nominal rigidities and imperfect competition, following Ob-
stfeld and Rogoff[26] and Gali and Monacelli[18]. The union-wide economy
consists of two equally sized countries, countries H and F . Country H pro-
duces an array of differentiated goods indexed by the interval h ∈ [0, 1], while
country F produces an array of differentiated goods indexed by f ∈ [1, 2].

2.1 Households

The preferences of the representative household in country H are given by:

U ≡ E0
∞X
t=0

δtUt, (1)

where Ut ≡ lnCt − 1
1+ϕN

1+ϕ
t denotes the period utility in country H ; Et de-

notes the expectation, conditional on the information set at period t; δ ∈ (0, 1)
denotes the subjective discount factor; Ct denotes consumption in country H ;
Nt ≡ NH,t +NN ,t denotes hours of work in country H ; NH,t and NN ,t denote
hours of work to produce tradables produced in country H and nontradables
produced in country H , respectively; and ϕ denotes the inverse of the labor sup-
ply elasticity. The preferences of the representative household in country F is
defined analogously. Quantities and prices particular to country F are denoted
by asterisks while quantities and prices without asterisks are those in country
H .

More precisely, private consumption is a composite index defined by:

Ct ≡
∙
γ
1
ηC

η−1
η

T ,t + (1− γ)
1
η C

η−1
η

N ,t

¸ η
η−1

, (2)

where CT ,t ≡ 2C
1
2

H,tC
1
2

F,t denotes the consumption index for tradables; CH,t, CF,t
and CN ,t denote Dixit—Stiglitz-type indices of consumption across the tradables
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produced in country H and produced in country F , and nontradables produced
in country H, respectively; γ ∈ [0, 1] denotes the share of tradables in the
CPI; and η > 0 denotes the elasticity of substitution between tradables and
nontradables. Note that C∗t is defined analogously to Eq.(2) whereas C

∗
N ,t,

denoting the nontradables produced in country F replaces CN ,t.4

Total consumption expenditures by households in country H are given by
PH,tCH,t+PF,tCF,t+PN ,tCN ,t = PtCt, with PH,t and PF,t being Dixit—Stiglitz-
type indices of the price of tradables produced in countries H and F , respec-
tively, and PN ,t being Dixit—Stiglitz-type indices of the price of nontradables
produced in country H. A sequence of budget constraints in country H is given
by:

Dn
t +WtNt + St ≥ PtCt + EtQt,t+1Dn

t+1, (3)

where Qt,t+1 denotes the stochastic discount factor, D
n
t denotes the nominal

payoff of the bond portfolio purchased by households, Wt denotes the nominal
wage, and St denotes profits (net taxation) from ownership of the firms. The
budget constraint in country F is defined analogously. Furthermore:

Pt ≡
h
γP 1−ηT ,t + (1− γ)P 1−ηN ,t

i 1
1−η

, (4)

denotes the CPI, PT ,t ≡ P
1
2

H,tP
1
2

F,t denotes the price index of tradables. P
∗
t is

defined analogously to Eq.(4), whereas P ∗N ,t, denoting the price of nontradables
in country F , replaces PN ,t. We assume that the law of one price always holds,
thus PH,t = P ∗H,t and PF,t = P ∗F,t, implying that the prices of tradables are
equal in both countries. However, PN ,t and P ∗N ,t are not necessarily equal in
both countries because these represent the prices of different goods. These facts
imply that purchasing power parity (PPP) does not necessarily hold. When all
goods are tradable, Eq.(4) implies Pt = P

∗
t ; namely, PPP always holds.

The optimal allocation of any given expenditure within each category of
goods implies the demand functions, as follows:

CH,t =
1

2

µ
PH,t
PT ,t

¶−1
CT ,t ; CF,t =

1

2

µ
PF,t
PT ,t

¶−1
CT ,t,

CT ,t = γ

µ
PT ,t
Pt

¶−η
Ct ; CN ,t = (1− γ)

µ
PN ,t
Pt

¶−η
Ct. (5)

The representative household maximizes Eq.(1) subject to Eq.(3). The op-
timality conditions are given by:

δEt

Ã
C−1t+1Pt
C−1t Pt+1

!
=
1

Rt
; CtN

ϕ
t =

Wt

Pt
, (6)

4Following Stockman and Tesar[32], we assume that η is not necessarily unity, whereas
Obstfeld and Rogoff[26] implicitly assume that η is unity. Obstfeld and Rogoff[26] assume

Ct ≡
C
γ
T ,tC

1−γ
N ,t

γγ(1−γ)1−γ . This implies η = 1 in our paper.
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where Rt ≡ 1 + rt satisfying R
−1
t = EtQt,t+1 denotes the gross nominal re-

turn on a riskless one-period discount bond paying off one unit of the common
currency (in short, the gross nominal interest rate), and rt denotes the net
nominal interest rate. The first equality in Eq.(6) is an intertemporal optimal-
ity condition, namely the Euler equation, and the second equality in Eq.(6) is
an intratemporal optimality condition. Optimality conditions in country F are
given analogously.

Combining and iterating the first equality in Eq.(6) with an initial condition,
we have the following optimal risk-sharing condition:

Ct = ϑC∗t Qt, (7)

with Qt ≡ P ∗t
Pt
denoting the CPI differential between the two countries and ϑ

denoting a constant depending on the initial value. When C−1 = C∗−1 = P−1 =
P ∗−1 = 1, we have ϑ = 1.

5 In addition, we have Ct = C
∗
t which implies that the

marginal utility of consumption is equal between the two countries; namely, con-
sumption is equal between the two countries because of the logarithmic utility
function when PPP is applied. Our paper allows the existence of nontradables
and if there are nontradables, Ct = C∗t no longer applies because Qt 6= 1. In
that case, there is consumption disparity between the two countries and the sin-
gle central bank can no longer stabilize both countries simultaneously. Hence
the necessity of using fiscal policy to stabilize the economy of each country if
there are nontradables. This is an intuitive explanation as to why fiscal policy
is important in a currency union with nontradables.

Eq.(7) is useful for understanding intuitively why Gali and Monacelli[19] in-
sist on the importance of fiscal policy although they only assume tradables in a
currency union that consists of an infinite number of infinitesimally small coun-
tries. Because the home country is infinitesimally small, the share of the home
country price index in the union-wide price index is negligible. The marginal
utility of consumption between the home country and the union as a whole is
not equal and there is opportunity to conduct fiscal policy independently in
each country.6

5See Chari, Kehoe and McGrattan[13] for details.
6The reason why fiscal policy is important in a currency union is consistent with this

paper and Gali and Monacelli[19]; however, the stabilization tools and settings in these two
papers are clearly different. We assume that the fiscal authorities adjust the quantity of
government bonds, while Gali and Monacelli[19] assume that the fiscal authorities adjust
government expenditure. In their setting, fiscal authorities’ funds are lump-sum taxes, while
in our setting, fiscal authorities’ funds are obtained by issuance of government bonds. Such
new bond issues change the distribution of private savings and that may change output and
inflation. In Gali and Monacelli[19]’s lump-sum taxes setting, how the government secures
funds for spending is not clear because such a setting does not show an explicit government
budget constraint. In contrast, we show clearly how to manage government debt to maximize
social welfare by introducing explicitly a government budget constraint.
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2.2 Firms

Each producer uses a linear technology to produce a differentiated good as
follows:

YH,t (h) = AH,tNH,t (h) , ; YN ,t (h) = AN ,tNN ,t (h) , (8)

where YH,t (h) and YN ,t (h) denote the output of tradables h produced in country
H , and output of nontradables h produced in country H , respectively, and
AH,t and AN ,t denote stochastic productivity shifters associated with tradables
produced in country H and nontradables produced in country H, respectively.
Each producer in country F uses a technology similar to that in country H .

Each firm produces a single differentiated good and prices its good to re-
flect the elasticity of substitution across goods produced given the CPI. This
is because each firm plays an active part in the monopolistically competitive
market. We assume that Calvo—Yun-style price-setting behavior applies, and,
therefore, that each firm resets its price with a probability of 1 − α in each
period, independently of the time elapsed since the last adjustment.

When setting a new price in period t, firms seek to maximize the expected
discounted value of profits. The first-order necessary conditions (FONCs) are
as follows:

Et

" ∞X
k=0

(αδ)
k
(Pt+kCt+k)

−1
ỸH,t+k

³
P̃H,t − ζMCnH,t+k

´#
= 0,

Et

" ∞X
k=0

(αδ)k (Pt+kCt+k)
−1 ỸN,t+k

³
P̃N ,t − ζMCnN,t+k

´#
= 0, (9)

whereMCnH,t ≡ Wt

(1−τ)AH,t andMC
n
N ,t ≡ Wt

(1−τ)AN ,t
denote the nominal marginal

costs associated with tradables produced in country H and nontradables pro-
duced in countryH, respectively; ỸH,t and ỸN ,t denote the total demands follow-
ing changes in the prices of tradables produced in country H and nontradables
produced in country H, respectively; P̃H,t and P̃N ,t denote the adjusted prices
of tradables produced in country H and nontradables produced in country H ,
respectively; and ζ ≡ θ

θ−1 is a constant markup, θ > 1 denotes the elasticity
of substitution across goods produced within a country and τ denotes the tax
rate.7 Note that (Pt+kCt+k)

−1 is the marginal utility of nominal income.

2.3 Local Government

Whereas monetary frictions are omitted and the limitations of a “cashless econ-
omy” are considered following Woodford[35] throughout this paper, monetary
policy has important implications for fiscal decisions, as the level of the interest
rate determines the debt burden and the inflation rate affects the real value
of debt. Fiscal policy consists of choosing one-period nominal risk-free debt to

7Ferrero[16] regards it as a value-added tax rate.
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finance an exogenous process of public spending.8 The flow government budget
constraint in country H is given by:

Bnt = Rt−1B
n
t−1 − [PP,tτ (YH,t + YN ,t)− PG,t (GH,t +GN ,t)] , (10)

where Bnt ≡ PtBt denotes the nominal risk-free rate on bonds issued by the
local government in country H ; Bt denotes the real risk-free rate on bonds is-
sued by the local government in country H ; PP,t ≡ PH,tYH,t+PN ,tYN ,t

YH,t+YN ,t
denotes

the weighted average price of goods produced in country H, namely, the pro-
ducer price index (PPI) in country H; and PG,t ≡ PH,tGH,t+PN ,tGN ,t

GH,t+GN ,t
denotes

the average price of goods purchased by the government in country H. The
local government in country F has a budget constraint similar to that shown
in Eq.(10). For simplicity, we assume that government purchases are fully al-
located to a domestically produced good and that the total amount of these is
exogenous. For any given level of public consumption, the government allocates
expenditures across goods in order to minimize total cost. This equation be-
comes the New Keynesian IS (NKIS) curve after being combined with Eq.(6)
and log-linearized with the appropriate transversality condition.9

2.4 Market Clearing

The market for tradables and for nontradables in country H clears when do-
mestic demand equals domestic supply, as follows:

YH,t (h) = CH,t (h) + C
∗
H,t (h) +GH,t (h) ; YN ,t (h) = CN ,t (h) +GN ,t (h) , (11)

where C∗H,t (h) denotes country F ’s demand for generic tradables produced in
country H.

Finally, we define countrywide output and government expenditure as fol-
lows:

Yt ≡
PH,t
PP,t

YH,t +
PN ,t
PP,t

YN ,t ; Gt ≡
PH,t
PG,t

GH,t +
PN ,t
PG,t

GN ,t, (12)

where Yt and Gt denote output and government expenditure in country H ,
respectively.

8We assume the tax rate is common in each country and constant over time for simplicity,
whereas Ferrero[16], Schmitt-Grohe and Uribe[31] and Canzoneri, Cumby and Diba[12] assume
it can vary in each country and over time. In contrast, Gali and Monacelli[19] assume a
constant (negative) tax rate similar to our paper. A constant tax rate over time reflects
actual regimes, not only in the Euro area, but also in other countries, because adjustments of
the tax rate are infrequent.

9The transversality condition is given by lim
k→∞

Et
£
Qt,k

1
2

¡
Bnk +B

∗n
k

¢¤
= 0 and

lim
k→∞

Et
£
δk−tUC (C)RB

¤
= 0 with B = B∗ > 0, which are consistent with Ferrero[16]

where variables without a time subscript denote steady-state values.
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3 Log-linearized Model

This section describes the stochastic equilibrium that arises from perturbations
around the deterministic equilibrium. Lowercase letters denote percentage de-
viations of steady-state values for the respective uppercase letters when there is
no note to the contrary (i.e., vt ≡ dVt

V
, where Vt denotes an arbitrary variable

and V denotes the steady-state value of Vt). Lowercase letters accompanied by
R as a superscript indicate the logarithmic difference between the two countries
for the respective uppercase letters (i.e., vRt ≡ vt − v∗t ), while lowercase letters
accompanied by W as a superscript indicate the logarithmic weighted sum of
the two countries for the respective uppercase letters (i.e., vWt ≡ 1

2 (vt + v
∗
t )).

Combining Eqs.(4), (5) and (10)—(12) and the log-linear approximation, we
have NKISs as follows:

ỹWt =
βW
1− σG

Etỹ
W
t+1 − βW r̂t + βWEtπ

W
t+1 +

βW
δ
r̂t−1 − βW bWt +

βW
δ
bWt−1,

− βW
δ
πWt −

γβ̄βT
2

aH,t −
(1− γ) β̄βN

2
aN ,t −

γβ̄βT
2

aF,t,

− (1− γ) β̄βN
2

a∗N ,t + σGςW g
W
t , (13)

ỹRt = −βRδbRt + βR (1− γ) υnt − βR (1− γ) nt−1 + βRb
R
t−1 − β̄γaH,t,

+ β̄γaF,t − β̄ (1− γ) aN ,t + β̄ (1− γ) a∗N ,t + ςRσGg
R
t , (14)

where ỹt ≡ yt− ȳt denotes the logarithmic output gap measured from its natural
level in countryH and ȳt denotes the logarithmic natural output level in country
H , which becomes ỹt = 0 under the long run equilibrium; r̂t ≡ dRt

R denotes the
deviation of the nominal interest rate from its steady-state value; πt denotes
the CPI inflation rate in country H; nt denotes the logarithmic nontradables

price disparity between countries H and F (NPD) with Nt ≡ P∗N ,t

PN ,t
, βW ≡

(1−σG)σB
σB+(1−σG)τ , βR ≡

σB(1−σG)
(1−σG)δτ−(1−δ)σB , υ ≡ 1−(1− δ)$, $ ≡ 1+(η − 1) γ, νW ≡

[σB(1−ρG)+1−σG]
σB+(1−σG)τ , νR ≡ [(1−σG)δ−(1−δ)σB ]

(1−σG)δτ−(1−δ)σB , βT ≡ 1 − βW ρT
1−σG , βN ≡ 1 − βW ρN

1−σG ,

β̄ ≡ (1−σG)(1+ϕ)
λ , ςW ≡ νW +

βW ρG
(1−σG)λ−

1
λ and ςR ≡ νR− 1

λ , σB ≡ B
Y and σG ≡ G

Y

being the steady-state ratio of government bonds to output and the steady-
state ratio of government expenditure to output, respectively; and ρG < 1,
ρT < 1 and ρN < 1 being the coefficient associated with exogenous processes
on government expenditure, on the productivity shifter of tradables and on the
productivity of nontradables, respectively.10 When all goods are tradables, γ =
1 is applied and Eq.(14) equals: ỹRt = −βRδbRt +βRbRt−1−γaH,t+γaF,t+ςRσGgRt ,
in which not only the productivity of nontradables aN ,t and a∗N ,t, but also
the NPD nt disappears. The appearance of the NPD in the equality implies
that nontradables magnifies the output gap disparity between the two countries
although risk sharing is perfect internationally. This is the reason why a higher

10We assume that the government expenditure and productivity shifters follow AR(1) pro-
cesses (see Subsection 4.2.)
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share of nontradables increases the importance of the role of fiscal policy in
maximizing social welfare. In addition, we can understand why Ferrero[16]
highlights the importance of optimal fiscal policy in a currency union, although
he does not assume nontradables. When the steady-state value of the quantity
of government bonds and expenditure are zero, σB = σG = 0, which implies an
efficient steady state and this is assumed by Benigno[5]. In this case, Eq.(14)
becomes: ỹRt = −γaH,t + γaF,t, which implies that only productivity affects
the output gap disparity.11 Following Ferrero[16], we assume a distorted steady
state where σB = σG = 0 is not applied. In this case, relative government
expenditure affects the output gap disparity and the role of fiscal policy is larger
than the case of σB = σG = 0, although there are no nontradables.

Combining Eqs.(5)—(9), (11) and (12) and taking a log-linear approximation,
the NKPCs in terms of the output gap are given by:

πP,t = δEtπP,t+1 +
κλ

1− σG
ỹt −

ψκ

2
nt, (15)

where πP,t denotes the PPI inflation rate in countryH with κ ≡ (1−α)(1−αδ)
α , λ ≡

1+(1− σG)ϕ and ψ ≡ (1− γ) γ (η − 1) along with its counterpart in country F .
When γ = 1, Eq.(15) is written as πP,t = δEtπP,t+1+

κλ
1−σG ỹt, which corresponds

with that derived by Gali and Monacelli[18], who insist that inflation—output
tradeoffs can be dissolved simultaneously in a small open economy under strong
parameter restrictions by inflation targeting. Indeed, when inflation targeting,
such as πP,t = π∗P,t = 0 for all t, is introduced in our currency union with
special restrictions, i.e., γ = 1 and σB = σG = 0, these equalities imply that
ỹt = ỹ

∗
t = 0 for all t and that the output gap is eliminated.

Combining Eqs.(5)—(9), (11) and (12) and taking a log-linear approximation,
we have the New Keynesian real exchange rate determiner (NKRD), which is
our version of the real exchange rate determiner, as follows:

πRN ,t = δEtπ
R
N,t+1 + κϕỹRt + κnt − κϕγ

¡
1− β̄

¢
aH,t + κϕγ

¡
1− β̄

¢
aF,t,

− κ
£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
aN ,t + κ

£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
a∗N ,t,

− κσG
1− σG

³
1− ϕ

λ

´
gRt , (16)

where πRN ,t ≡ − (nt − nt−1) denotes relative nontradables inflation. Eq.(16)
equals qt = 0 which implies that the CPI disparity disappears between the
two countries when the currency union has no nontradables; i.e., as γ = 1.12

In that case, the problem with the CPI disparity is resolved, because each
country has the same CPI. This implies that PPP holds. Furthermore, because
log-linearized Eq.(7) is given by qt = cRt , c

R
t = 0, which means there is no

consumption disparity between both countries when qt = 0.
Benigno[5] and Gali and Monacelli[19] assume that all goods are tradable and

that the law of one price holds. However, PPP does not necessarily hold in Gali

11In addition, yRt = 0, which implies that there is no output disparity in that case.
12We obtain this result by substituting log-linearized Eq.(4) into Eq.(16).
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and Monacelli[19]. They assume a currency union that consists of an infinite
number of countries, whereas Benigno[5] assumes a currency union consisting of
two countries. The settings in Gali and Monacelli[18] make a distinction in the
CPI between that of an infinitesimally small country’s economy and that of the
union-wide economy because the CPI in the former country does not affect the
union-wide CPI. This stems from the small open economy assumption. Thus,
qt = 0 is not applied in Gali and Monacelli[19], although all goods are tradable.
In a later section, we suggest that optimal fiscal policy is very important for
stabilizing both inflation and the output gap simultaneously because of the
influence of the nontradables. The assumption of a small open economy does
not permit us to apply qt = 0. Thus, the policy implications of Gali and
Monacelli[19] and this paper are very similar, whereas the policy implications
of Gali and Monacelli[19] and Benigno[5] are contrary.

Eq.(16) depicts the real exchange rate anomaly, which is reported by Be-
nigno and Thoenissen[8] and Canzoneri, Cumby and Diba[11], who find that
the actual direction of changes in the real exchange rate cannot be explained by
the Balassa—Samuelson theorem. Eq.(16) well reflects their findings in a well-
founded micro setting. However, it cannot be easily understood because Eq.(16)
has correctly assumed nominal rigidities. To understand the nature of Eq.(16),
we inspect Eq.(16) without nominal rigidities. Under such a condition, Eq.(16)
can be rewritten as:

qt = (1− γ)
©
ϕγ
¡
1− β̄

¢
aH,t +

£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
aN ,t − ϕγ

¡
1− β̄

¢
aF,t

−
£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
a∗N ,t −

ϕσG
1 + ϕ

gRt

¾
, (17)

because α = 0 and ỹt = ỹ∗t = 0 hold. Eq.(17) implies that an increase in the
productivity of tradables produced in country H causes an increase (depreci-
ation) in the real exchange rate. An increase in the productivity of tradables
produced in country H causes a decrease in the CPI in coutry H via a decrease
in the real marginal cost in the tradables and the nontradables sectors. Finally,
the real exchange rate increases (depreciates).

In addition, our NKRD is consistent with Altissimo, Benigno and Palenzuela
[1]’s equality, which determines the real exchange rate and corresponds to our
NKRD. Their equality shows that the productivity shifter of tradables does not
affect the real exchange rate and only the productivity shifter of nontradables
affects the real exchange rate, under their special setting where the relative risk
aversion, the elasticity of substitution between tradables and nontradables, and
the elasticity of substitution between tradables produced in countries H and
F are all unity. Their special setting is consistent with our model, because
we assume Eq.(1) and an Armington form of the definition of the consumption
index for tradables and the elasticity of substitution between tradables and
nontradables does not appear in Eq.(16). Altissimo, Benigno and Palenzuela [1]
assume zero steady-state government expenditure, which corresponds to G = 0.
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Substituting G = 0 into Eq.(17) yields:

qt = (1− γ)
"
aN ,t − a∗N ,t −

ϕ

1 + ϕ

µ
dGt
Y

¶R#
, (18)

which is consistent with the equilibrium condition on the CPI differential under
the special case corresponding to our setting derived by Altissimo, Benigno and
Palenzuela [1], who said that the Balassa—Samuelson effect disappears in that
special setting because the productivity shifter of tradables disappears as in
Eq.(18).13

4 Optimal Cooperative Solution

In this section, we analyze the macroeconomic implications of an alternative
policy regime for the Euro area: an optimal monetary policy alone regime and
an optimal monetary and fiscal policy regime under a cooperative setting. Fur-
thermore, we assume that each policy authority is responsible for minimizing
social losses. Under an optimal monetary policy alone regime, the central bank
is the only policy authority, whereas the central bank and local governments
in the two countries are both authorities under an optimal monetary and fiscal
policy regime. Policy authorities seek to minimize the social loss function sub-
ject to our structural model.14 Hereafter, let us assume η = 1, implying that
the elasticity of substitution between tradables and nontradables is unity, which
is assumed implicitly by Obstfeld and Rogoff[26], for simplicity.

The period loss function is derived by the welfare criterion. The welfare
criterion is derived by subtracting a second-order approximated FONC for firms
Eq.(9)MW from a second-order approximated utility function Eq.(1), which is
given by:

WW − ΦMW = E0

∞X
t=0

δt
½

1

(1− σG) 4
ω̃1

h
ỹ2t + (ỹ

∗
t )
2
i
− ω̃2 (ỹtat + ỹ∗t a∗t )

−ω̃3 (ỹtgt + ỹ∗t g∗t ) +
1

4
ω̃4

h
π2P,t +

¡
π∗P,t

¢2i
+
Φ (1− κλ)
1− σG

ỹWt

¾
,

+ t.i.p. + o
³
kξk3

´
,

13Altissimo, Benigno and Palenzuela [1] show that an increase in the productivity of non-
tradables in the home (foreign) country increases (decreases) the real exchange rate, while an
increase in government expenditure in the home (foreign) country decreases (increases) the
real exchange rate when relative risk aversion, the elasticity of substitution between tradables
and nontradables, and the elasticity of substitution between tradables produced in countries
H and F are all unity. Because we consider a currency union, the logarithmic real exchange
rate corresponds to the CPI disparity qt. Thus, Eq.(18) is consistent with the equation derived
by Altissimo, Benigno and Palenzuela [1].
14Our structural model consists of Eqs.(13)—(16) and a counterpart of Eq.(15) in country

F .

11



with WW ≡ E0
∞P
t=0

δt
¡
UWt − UW

¢
denoteing the sum of the discounted value

of the deviation of utility from its steady-state value, Φ ≡ 1 − 1−τ
ζ denot-

ing the steady-state wedge between the marginal rate of substitution between
consumption and leisure and the marginal product of labor, t.i.p. denoteing

the terms of the independent policy, o
³
kξk3

´
denoting the terms that are

higher than third order and ω̃1, ω̃2, ω̃3 and ω̃4 being complicated coefficients
that consists of structural parameters in our model. Plugging the fact that

E0
P∞

t=0 δ
t Φ(1−κλ)
1−σG ỹWt + ΦMW = Γ0 into this equality, we have:

WW = −1
2
E0

∞X
t=0

δt
∙
Λy
2
ŷ2t +

Λy
2
(ŷ∗t )

2
+
Λπ
2
π2P,t +

Λπ
2

¡
π∗P,t

¢2¸
+ Γ0 + t.i.p.,

+ o
³
kξk3

´
,

which is the welfare criterion without linear terms where; ŷt ≡ yt − yet denotes
the welfare-relevant output gap; yet ≡ Ω1γaH,t +Ω1 (1− γ) aN ,t +Ω2gt denotes
the logarithmic efficient level of output in country H; and Γ0 ≡ Φ

κλπ
W
P,0 denotes

a transitory component which is predetermined;, with Λy ≡ χ+κΦς
(1−σG)2 , Λπ ≡

(1+Φ)θ
(1−σG)κ +

ΦΘ
2 , χ ≡ (1 + ϕ) (1 + Φ) (1− σG), ς ≡ (1 + ϕ)

2
(1− σG)2 − σ2G and

Θ ≡ α (4θ − 1)− 3; and Ω1 and Ω2 are complicated coefficients that consist of
structural parameters in our model.

Because the transitory component is predetermined over the set of admissible
policies, the higher values of this welfare criterion correspond to lower values of
the loss function, which is given by:

LW ≡ E0
∞X
t=0

δtLWt , (19)

with:

LWt ≡
1

2

∙
Λy
2
ŷ2t +

Λy
2
(ŷ∗t )

2 +
Λπ
2
π2P,t +

Λπ
2

¡
π∗P,t

¢2¸
, (20)

where LWt denotes the union-wide period loss function.15

We now consider the difference in welfare loss between our paper and the
DSGE literature for an open economy. Our period welfare loss Eq.(20) has two
features that do not appear in other period welfare functions. First, Eq.(20)
implies that policy authorities should not minimize the output gap ỹt, but should
minimize the welfare-relevant output gap ŷt because of the distorted steady state

15Sutherland[33] and Benigno and Woodford[9] derive the second-order approximated utility
function without the presence of a linear term under the distorted steady state. Thus, we
follow Benigno and Woodford[10] to derive Eq.(20) because of the distorted steady state in
our model. See Appendix D for details on the derivation. Note that Woodford[35] discusses
how the presence of linear terms generally leads to an incorrect evaluation of welfare. A simple
example of this result is proposed by Kim and Kim[21].
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and the nonzero steady state value of government expenditure. When the steady
state is efficient and government expenditure is zero in the steady state, namely,
both Φ = 0 and σG = 0 are applied, Eq.(20) can be rewritten as follows:

LWt =
(1 + ϕ)

4
ỹ2t +

(1 + ϕ)

4
(ỹ∗t )

2
+

θ

4κ
π2P,t +

θ

4κ

¡
π∗P,t

¢2
,

which implies that the policy authorities have to minimize the output gap. This
expression is similar to Gali and Monacelli[18] and Gali[17]. Note that Ω1 = 1,
Ω2 = 0 and y

e
t = ȳt = γaH,t + (1− γ) aN ,t when Φ = 0 and σG = 0.

Second, by rewriting Eq.(20), we can see that nontradables affect the form of
the period loss. Using log-linearized Eqs.(5) and (11), Eq.(20) can be rewritten
as follows:

LWt = Λy
¡
ŷWt
¢2
+
Λy [γ (1− σG)]2

4
(tt − t̄t)2 +

Λy [(1− γ)$ (1− σG)]2
4

(nt − n̄t)2

+
Λy2γ (1− σG)2 (1− γ)$

4
ttnt +

Λπ
2
π2P,t +

Λπ
2

¡
π∗P,t

¢2
,

where tt denotes the logarithmic TOT with Tt ≡ PF,t
PH,t

, t̄t and n̄t denote the

logarithmic target level of the TOT and the NPD, respectively, with t̄t = n̄t ≡
Ω1

1−σG aH,t +
Ω1(1−γ)
γ(1−σG)aN ,t −

Ω1
1−σG aF,t −

Ω1(1−γ)
γ(1−σG)a

∗
N ,t +

Ω2−σG
γ(1−σG)g

R
t implying that

both the target level of the logarithmic TOT and the NPD are equal. As shown
in this equality, not only minimization of the distance of the TOT from its
target level, but also minimization of the distance of the NPD from its target
level are imposed policy objectives. Furthermore, a cross-term of the TOT and
the NPD appears in this equality. These facts imply that stabilizing the NPD
is essential for minimizing social loss in a currency union with nontradables.
However, when all goods are tradable, namely γ = 1, this equality boils down
to:

LWt = Λy
¡
ŷWt
¢2
+
Λy [γ (1− σG)]

2

4
(tt − t̄t)2 +

Λπ
2
π2P,t +

Λπ
2

¡
π∗P,t

¢2
,

which is a familiar expression in the open economy version DSGE literature,
such as Benigno and Benigno[7], assuming all goods are tradable except for the
welfare-relevant output gap replacing the output gap. Because our model allows
for nontradables, our welfare loss does not necessarily correspond to the welfare
loss in other DSGE studies for an open economy.

Note that the linear constraints implied by our model’s structural equations
in terms of the welfare-relevant output gap differ from the constraints implied
by the equations in terms of the output gap. By using the definition of the
welfare-relevant output gap, the NKPC in country H Eq.(15) can be written as
follows:

πP,t = δEtπP,t+1 +
κλ

1− σG
ŷt + εt, (21)
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where εt ≡ κ (1 + ϕ)Ω3γaH,t + κ (1 + ϕ)Ω3 (1− γ) aN ,t − κσGΩ4gt is a com-
posite cost-push term with Ω3 and Ω4 denoting complicated coefficients. This
NKPC corresponds to the one derived by Benigno and Woodford[10]. A compos-
ite cost-push term indicates the degree to which the exogenous disturbances pre-
clude simultaneous dissolution of the tradeoff between inflation and the welfare-
relevant output gap. Thus, the inflation—output gap tradeoffs can no longer be
dissolved completely, even if all goods are tradable.

4.1 Role of Optimal Fiscal Policy

We next investigate the role of optimal fiscal policy by comparing FONCs,
which clarify the relationship between PPI inflation and the output gap under
the optimal monetary policy alone, and under the optimal monetary and fiscal
policy. Under both regimes, policy authorities minimize the sum of the dis-
counted value of social losses in Eq.(19), subject to the structural model with
commitment.16 Under the optimal monetary policy alone, only the central bank
minimizes Eq.(19) by choosing the sequence

©
πP,t,π

∗
P,t, ỹt, ỹ

∗
t , nt, r̂t

ª∞
t=0
, while

both the central bank and two local governments cooperatively minimize Eq.(19)
by choosing

©
πP,t,π

∗
P,t, ỹt, ỹ

∗
t , nt, r̂t, bt, b

∗
t

ª∞
t=0

under the optimal monetary and
fiscal policy.

4.1.1 Optimal Monetary Policy Alone

Under the optimal monetary policy alone, the FONC for union-wide inflation
and the output gap is given by:

πWt = −Λy (1− σG)
Λπκλ

¡
ŷWt − ŷWt−1

¢
, (22)

which is a familiar expression in papers on optimal monetary policy in an open
economy. This implies that local government does not need to dissolve union-
wide inflation—output tradeoffs. A solitary central bank can stabilize both infla-
tion and the welfare-relevant output gap simultaneously, even though nontrad-
ables exist.17

Next, we investigate the relative block of the FONC. We are interested in
the effects of nontradables. Thus, we analyze the relative block of the FONC in

16Because of commitment, lagged Lagrange multipliers appear in the FONCs for policy
authorities. This means that policy authorities are able to affect the private sector’s inflation
expectations. See Appendix E.
17Because of the distorted steady state, the NKPC in terms of the welfare-relevant output

gap includes a cost-push term as shown in Eq.(21). This term indicates the degree to which
the exogenous disturbances preclude the simultaneous dissolution of the tradeoff between
inflation and the welfare-relevant output gap. While we have the FONC Eq.(22), the inflation—
output gap tradeoffs cannot be completely dissolved but they are close to being dissolved.
Under our parameterization, which is shown in Section 4.2.1, the standard deviations of the
union-wide inflation rate and the welfare-relevant output gap are 6.3215e-005 and 0.0014,
respectively. These standard deviations are equivalent under both optimal monetary policy
alone and optimal monetary and fiscal policy.
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both cases: namely, the case where all goods are tradable and the case where
there are nontradables. When all goods are tradable, namely, γ = 1, the relative
block of the FONC is given by:

πRP,t = −
Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
− 2 (1− σG)

Λπκλ
(μ2,t − μ2,t−1) , (23)

where μ2,t denotes the Lagrange multiplier associated with Eq.(14); that is, the
relative block of the NKIS. This case corresponds to Ferrero’s (2009) setting.
Eq.(23) implies that the inflation—output tradeoffs no longer disappear simul-
taneously. Because of this, Ferrero[16] insists that fiscal policy is needed to
enhance social welfare. Next, we abandon the assumption that all goods are
tradable. In this case, the relative block of the FONC is given by:

πRP,t = −Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
− 2 (1− σG)

Λπκλ
(μ2,t − μ2,t−1) ,

− 4 (1− σG)κϕ
Λπκλ (1 + δ + κ)

(μ5,t − μ5,t−1) ,

μ5,t = (1− γ)βRυμ2,t +
1

1 + δ + κ
μ5,t−1, (24)

where μ5,t denotes the Lagrange multiplier associated with Eq.(16), the NKRD.
The two equalities in Eq.(24) imply not only that the inflation—output tradeoffs
do not disappear simultaneously, but also that the relationship between inflation
and the output gap is weakened.

4.1.2 Optimal Monetary Policy and Fiscal Policy

Under the optimal monetary and fiscal policy, the FONC for union-wide inflation
and the output gap is given by Eq.(22). Thus, the union-wide inflation and the
welfare -relevant output gap are stabilized by optimal monetary policy and fiscal
policy although nontradables exist in a currency union.

The FONC for relative block inflation and the welfare-relevant output gap
is given by:

πRP,t = −
Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
. (25)

This equality also implies that relative inflation and the welfare-relevant output
gap are stabilized by optimal monetary policy and fiscal policy. Both Eqs.(22)
and (25) imply that inflation—output tradeoffs disappear, not only at the union-
wide level, but also in each country under the optimal monetary and fiscal policy
regime. Note that we have Eq.(25), even though nontradables exist.

Why do we have Eq.(25) rather than Eq.(24)? Under the optimal monetary
and fiscal policy, we have μ2,t = 0 as the optimality condition along with opti-
mality conditions derived under the optimal monetary policy alone, because we
not only have the nominal interest rate, but also government bonds in the policy

15



function. We obtain Eq.(25) by substituting μ2,t = 0 along with the initial con-
dition μ5,−1 = 0 into Eq.(24). Because of this, we have μ5,t = 0, although this
equality is not obtained directly by implementation of fiscal policy. This fact
implies that optimal fiscal policy removes the effects of the CPI disparity, which
introduces the consumption disparity between both countries by removing the
disparity in the demand block.

4.2 Sensitivity Analysis

4.2.1 Parameterization

We run a series of dynamic simulations and adopt the following benchmark
parameterization. We set the values of the inverse of the labor supply elasticity
ϕ, the elasticity of substitution across goods θ, the elasticity of substitution
between tradables and nontradables η, the subjective discount factor δ, the
steady-state share of government bonds to output σB , the steady-state share of
government expenditure to output σG and the tax rate τ equal to 3, 11, 0.75,
0.5, 1, 0.99, 2.4, 0.276 and 0.3, respectively, which is consistent with quarterly
time periods in the model.18 Except for α, γ, ϕ and η, these parameterizations
are used in Ferrero[16].19 According to our calculation, nontradables account
for 50.3% of all goods in the Euro area; thus, we set the share of nontradables in
the CPI as γ = 0.5.20 Following Obstfeld and Rogoff[26], we set η = 1. We also
assume that the government expenditure and productivity shifters are described
according to the following AR(1) processes:

aH,t = ρT aH,t−1 + ξH,t ; aF,t = ρT aF,t−1 + ξF,t, ; aN ,t = ρN aN ,t−1 + ξN ,t
a∗N ,t = ρN a

∗
N ,t−1 + ξ∗N ,t ; g

W
t = ρGg

W
t−1 + ξWG,t ; g

R
t = ρGg

R
t−1 + ξRG,t,

where ξH,t, ξF,t, ξN ,t, ξ∗N ,t, ξ
W
G,t and ξ

R
G,t denote the i.i.d. shocks. We set ρT , ρN

and ρG equal to 0.705, 0.784 and 0.8, following Batini, Harrison and Millard[2]
and Ribeiro[28].21

18σB = 2.4 implies that the steady-state debt—output annual ratio is 0.6.
19Many DSGE studies use the parameter values in Rotemberg and Woodford[29]. However,

to compare our results with those derived by Ferrero[16] and to analyze the Euro area, we
mainly use his parameter values for the Euro area. More precisely, the parameter values of
θ, δ, σB , σG are set as in Ferrero[16]. Ferrero[16], however, sets a different degree of price
rigidity in countries H and F . We set α equal to 0.75, which is assumed by Beetsma and
Jensen[3]. Because ϕ does not appear in Ferrero[16], we set it equal to 3, which is adopted by
Gali and Monacelli[18].
20Following the definition that regards goods produced in the manufacturing industry, agri-

culture, forestry, fishery and mining as tradables and regards goods produced in other in-
dustries as nontradables, as used by Canzoneri, Cumby and Diba[11], nontradables, in terms
of both current and purchaser’s prices, accounted for 50.3% of the sum of nontradables and
tradables in major Euro area countries such as Belgium, Germany, France, Greece, Italy, the
Netherlands, Portugal and Spain in 1999.
21There are few papers that estimate AR(1) parameters associated with the productivity of

the tradables and nontradables sectors separately. Following Benigno and Thoenissen[8], we
adopt the result of Batini, Harrison and Millard[2], who estimate AR(1) parameters associated
with the productivity of tradables and nontradables sectors separately. Note that we recognize
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To examine the impulse response functions (IRFs), we consider one percent
changes in the productivity shifter of tradables in country H, aH,t, and the
productivity shifter of nontradables in country H , aN ,t, to investigate the effects
of the existence of nontradables. Additionally, to compare our results with those
of Ferrero[16], we consider one percent changes in the union-wide government
expenditure shifter, gWt , and the relative government expenditure shifter, g

R
t .

4.2.2 Optimal Monetary Policy Alone

Figures 1 and 2 depict the IRFs under optimal monetary policy alone with
commitment, in the case where all goods are tradable, namely γ = 1, and the
benchmark case, namely γ = 0.5, respectively.22 First, we consider changes in
the productivity shifter of tradables in country H . In both cases, an increase in
the productivity shifter of tradables in country H causes a decrease in the PPI
inflation rate in country H through a decrease in the marginal cost of tradables
in country H (17th panel in Figures 1 and 2). When all goods are tradables,
this change simply decreases the welfare-relevant output gap in country H (9th
panel in Figure 1). Furthermore, when half of the goods are tradables, a decrease
in the marginal cost of tradables in country H stemming from an increase in
the productivity of tradables produced in country H causes a decrease in the
marginal cost of nontradables produced in country H. This is the cause of a
relative decrease in the CPI in country H (29th panel in Figure 2). This is in
contrast with the case where all goods are tradables where the CPI disparity does
not change (29th panel in Figure 1). A relative decrease in the CPI in country
H causes an increase in the NPD. A decrease in the price of nontradables in
country H boosts demand for nontradables in country H . Thus, the decrease in
the welfare-relevant output gap in country H in the benchmark case is smaller
than that in the case where all goods are tradables (9th panel in Figures 1 and 2).
This increase in the CPI disparity is inconsistent with the Balassa—Samuelson
theorem, which implies a decrease in the CPI disparity. This increase in the
CPI disparity is consistent with Benigno and Thoenissen[8]’s real exchange rate
anomally.

The volatility of the PPI inflation rate to changes in the productivity of
tradables in country H under the case where all goods are tradables and the
benchmark case, are 0.0080 and 0.0081, respectively (cells in the 11th row and
3rd column in Tables 1 and 2). Intuitively, the volatility of the PPI inflation
rate in the benchmark case is smaller than that in the case where all goods
are tradables, because just half of the goods are tradable. In the benchmark
case, however, a decrease in the marginal cost in the tradables sector decreases
the marginal cost in the nontradables sector. Thus, the effect of the changes

that their estimated parameters are smaller than those used in most RBC studies. Ribeiro[28]
is one of the few papers that estimate autoregressive processes of government expenditure in
Europe. We adopt his estimation result.
22Given the benchmark parameterization, the four eigenvalues are larger than 1 in value

for the four forward-looking variables under the optimal monetary policy alone regime. The
Blanchard—Kahn conditions are met.
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in the productivity of tradables in country H to the PPI inflation rate is larger
in the benchmark case. Clearly, existence of nontradables makes the PPI in-
flation rate more volatile. In addition, as mentioned in the latter section, this
decreases social welfare and makes fiscal policy more important when there are
nontradables.

The dynamics brought about by changes in the productivity shifter of trad-
ables in country H can be confirmed by investigating the model, especially the
relative block. Eq.(14) implies that an increase in the productivity shifter of
tradables in country H decreases the welfare-relevant output gap disparity be-
tween both countries. The definition of NPD inflation and Eq.(16) shows that
a decrease in the welfare-relevant output gap disparity between both countries
increases the CPI disparity although a decrease in the welfare-relevant output
gap disparity does not change the CPI disparity in the case where all goods are
tradables. Monetary policy alone can simultaneously stabilize both the welfare-
relevant output gap and the union-wide inflation rate by increasing the nominal
interest rate.23 However, the country-level welfare-relevant output gap and in-
flation rate cannot simultaneously be stabilized in both cases. In the case where
all goods are tradables, a distorted steady state avoids simultaneous stabiliza-
tion of both the welfare-relevant output gap and the inflation rate, as shown in
Eq.(14). In the benchmark case, both a distorted steady state and the existence
of nontradables avoids simultaneous stabilization of both the welfare-relevant
output gap and the inflation rate, as shown in Eqs.(14) and (16). Because these
two equalities help avoid simultaneous stabilization, fluctuations of PPI infla-
tion in the benchmark case are larger than that in the case where all goods are
tradables.

Regarding the benchmark case, we can explain the result of changes in the
productivity shifter of nontradables in country H in the same manner as we can
explain changes in the productivity shifter of tradables in country H . However,
the coefficient of the productivity shifter of nontradables in the NKRD Eq.(16) is
larger than the coefficient of the productivity shifter of tradables. Thus, the CPI
disparity increases and the volatility of other macroeconomic variables is higher
following changes in the productivity of nontradables than following changes in
that of tradables (30th panel in Figure 2 and 7th, 9th, 11th, 13th, 15th and 17th
rows in Table 2). As mentioned, an increase in the CPI disparity is consistent
with Lipinska’s (2008) finding that nontradables’ productivity shocks lead to
a stronger real exchange rate depreciation. In the case where all goods are
tradables, any macroeconomic variables do not fluctuate when the productivity
shifter of nontradables in country H changes because only tradables exist.

Now, we consider the innovation in union-wide government expenditure.
Both IRFs and macroeconomic volatilities are the same in both cases because
the union-wide government expenditure does not affect the relative block of the
model. To secure funds for government expenditure, the nominal interest rate
decreases and there is pressure for the welfare-relevant output gap to increase

23Both the union-wide inflation rate and the union-wide welfare-relevant output gap deviate
slightly from their steady state, because of Eq.(21). See footnote 17 for a quantitative measure.
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(27th panel in Figures 1 and 2). As implied in Eq.(13), however, a decrease
in the lagged nominal interest rate decreases the union-wide welfare-relevant
output gap. Thus, the union-wide welfare-relevant output gap is stabilized,
although it increases at first (3rd panel in Figures 1 and 2).24 The union-wide
inflation rate is stabilized despite an increase in the union-wide welfare-relevant
output gap, because an increase in government expenditure decreases the PPI
inflation rate through Eq.(21) (7th panel in Figures 1 and 2). Note that because
of Eq.(21), inflation—output gap tradeoffs are no longer dissolved completely,
even though the optimality condition in Eq.(22) is applied when union-wide
government expenditure increases. Along with the union-wide welfare-relevant
output gap, the welfare-relevant output gap in each country is stabilized (11th
and 15th panels in Figures 1 and 2). Furthermore, the PPI inflation rate in
countries H and F is stabilized (19th and 23rd panels in Figures 1 and 2).
Note that Ferrero[16] shows that the nominal interest rate increases to a unit
innovation in union-wide government expenditure because the tax rate increases
simultaneously to secure funds to finance government expenditure, whereas the
tax rate is constant over time in our setting.

When relative government expenditure changes, the welfare-relevant output
gap disparity between countries and the welfare-relevant output gap and infla-
tion rate cannot be stabilized at the country level in both cases (12th, 16th,
20th and 24th panels in Figures 1 and 2).

Benigno[5], who assumes all goods are tradable, implies that monetary policy
alone can simultaneously stabilize both the output gap and the inflation rate in
each country even though asymmetric shocks hit the economy. In our model,
when asymmetric shocks hit the economy, the PPI inflation rate and welfare-
relevant output gap in each country are no longer stabilized regardless of the
share of tradables γ. This fact stems from the distorted steady state, which
is assumed by both us and Ferrero[16]. In addition, the volatilities of the PPI
inflation rate in response to each shock in the benchmark case are larger than
those in the case where all goods are tradables, except for the volatility of the
PPI inflation rate to the union-wide government expenditure shock (11th and
13th rows in Tables 1 and 2). This fact reflects that nontradables amplifies the
effects of asymmetric shocks.

4.2.3 Optimal Monetary Policy and Fiscal Policy Mix

Figures 3 and 4 depict the IRFs under the optimal monetary policy and fiscal
policy mix with commitment in the cases where all goods are tradables and the
benchmark, respectively.25 To eliminate the effects of changes in the produc-
tivity shifter of tradables in country H , the fiscal authorities in both countries

24As mentioned in Section 2.3, all interest-bearing assets held by households are in the form
of government bonds. Lowering the interest rate in the previous period reduces the nominal
payoff of the bond portfolio purchased by households. Because of the budget constraint, this
reduces output via a reduction in consumption.
25Given the benchmark parameterization, five eigenvalues are larger than 1 for the five

forward-looking variables under the optimal monetary and fiscal policy regime. Thus, the
Blanchard—Kahn conditions are met.
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increase government bonds in both cases (33rd and 37th panels in Figures 3
and 4). An increase in government bonds during the previous period increases
the nominal payoff of the bond portfolio purchased by households. Thus, con-
sumption in both countries increases. Because an increase in government bonds
in country H is higher than that in country F , an increase in consumption is
higher than that in country F . This eliminates the pressure to decrease the
welfare-relevant output gap in country H and eliminates the pressure to in-
crease the welfare-relevant output gap in country F . Thus, the welfare-relevant
output gap in both countries is stabilized. Under the optimal monetary policy
and fiscal policy mix, the volatility of the welfare-relevant output gap in both
countries dramatically decreases compared with the volatility under monetary
policy alone in both cases (7th to 10th rows in Tables 1 and 2). Because the
welfare-relevant output gap is well stabilized, the PPI inflation rate in each
country is also well stabilized in both cases (17th and 21st panels in Figures
3 and 4). The volatility of the PPI inflation rate in both countries decreases
dramatically compared with the volatility under monetary policy alone in both
cases (cells in the 11th to 14th rows and 3rd column in Tables 1 and 2). In the
case where all goods are tradables, CPI disparity does not fluctuate because all
goods are tradables, which means that PPP applies (29th panel in Figure 3 and
the cell at the 16th row and 3rd column in Table 1). In the benchmark case,
because the PPI inflation rate in country H increases only in the first period,
the CPI disparity decreases (29th panel in Figure 4). However, the volatility
of the CPI disparity decreases dramatically compared with the volatility under
monetary policy alone (cells in the 15th and 16th rows and 3rd column in Table
2).

Now, we consider changes in the productivity shifter of nontradables. Here
the macroeconomic variables do not fluctuate in response to changes in the
productivity of nontradables in the case where all goods are tradables. Thus,
we focus only on macroeconomic volatility and fluctuations in the benchmark
case. An increase in the quantity of government bonds in the previous period
drastically stabilizes the welfare-relevant output gap (10th and 14th panels in
Figure 4). Because of this, the PPI inflation also stabilizes (18th and 22nd panels
in Figure 4). The volatility of the PPI inflation rate and the welfare-relevant
output gap is less than that under optimal monetary policy alone (cells in the
7th to 14th rows and 4th column in Table 2). As shown in Eq.(17), the CPI
disparity decreases (30th panel in Figure 4). The CPI disaprity is dramatically
stabilized compared with that under the optimal monetary policy alone (cells
in the 15th and 16th rows and 4th column in Table 2).

Next, we consider changes in union-wide government expenditure. Apart
from government bonds, the mechanism of the macroeconomic variables’ be-
havior is similar to that under optimal monetary policy alone in both cases.
Although both fiscal authorities affiliate with the central bank, the IRFs and
the macroeconomic volatilities behave the same as those under optimal mone-
tary policy alone regarding the welfare-relevant output gap, the PPI inflation
rate and the CPI disparity (3rd, 7th, 11th, 15th, 19th and 23rd panels in Figures
3 and 4 and cells in the 3rd to 16th rows and 5th column in Tables 1 and 2)
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in each case. This implies that there is no notable role for fiscal policy, which
could replace monetary policy to stabilize the economy. When a union-wide
shock, such as union-wide government expenditure, hits the economy, however,
the central bank and the fiscal authorities cooperate against a union-wide shock.
This result is the same as the one derived by Ferrero[16].

When the relative government expenditure shifter shocks the economy, the
fiscal authority in country H decreases the quantity of government bonds while
the fiscal authority in country F increases the quantity of government bonds
in both cases (36th and 40th panels in Figures 3 and 4). As Eq.(14) implies,
an increase in relative government expenditure increases the welfare-relevant
output gap disparity. However, a decrease in the quantity of government bonds
relative to the previous period decreases the current welfare-relevant output
gap disparity. This eliminates the pressure to increase the PPI inflation rate in
country H and to decrease it in country F . Thus, the PPI inflation rates in
both countries are stabilized immediately in both cases (20th and 24th panels in
Figures 3 and 4). The volatility of the PPI inflation rate is dramatically reduced
in both cases (cells in the 11th to 14th rows and 6th column in Tables 1 and 2).

The role of the fiscal authorities is larger than that of the central bank in
stabilizing both inflation and the welfare-relevant output gap in both cases.
This fact strongly supports the implication derived by Ferrero[16], who insists
on the importance of optimal monetary and fiscal policy in a currency union.
In addition, we insist that the role of optimal fiscal policy as a stabilization tool
when there are nontradables is more important than that when there are only
tradables, which has already been mentioned above. The volatility of the PPI
inflation rate decreases from 0.0121 to 1.4184e-005 in country H and 2.2170e-
006 in country F , and from 0.0408 to 3.6616e-004 in the benchmark case, by
adding optimal fiscal policy for changes in the productivity of nontradables and
in the changes in the relative government expenditures (cells in the 11th to 14th
rows and 4th and 6th columns in Table 2). In contrast, the volatility of the
PPI inflation rate is unchanged at zero and falls from 0.0301 to 3.6616e-004
in the case where all goods are tradables, for changes in the productivity of
nontradables and in changes in relative government expenditure, respectively
(cells in the 11th to 14th rows and 4th and 6th columns in Table 1). Clearly,
the degree of improvement in the volatility in the benchmark case is larger than
that in the case where all goods are tradables. A more formal discussion of this
from the viewpoint of welfare appears in Section 4.3.

Behind the stabilization of the volatility of the PPI inflation rate in the
benchmark case for changes in productivity, there is stabilization in the CPI
disparity. By comparing the 29th and 30th panels in Figure 2 with those in
Figure 4, we confirm that the CPI disparity is stabilized. In fact, the volatility
of the CPI disparity for changes in the productivity in the benchmark case under
the optimal monetary and fiscal policy are smaller than that under the optimal
monetary policy alone and are close to zero, which is the volatility for optimal
monetary policy alone in the case where all goods are tradables (cells in the
15th and 16th rows and 3rd and 4th columns in Tables 1 and 2). Optimal fiscal
policy stabilizes the PPI inflation rate by stabilizing the CPI disparity: namely,
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minimizing the consumption disparity between the two countries.
Finally, we point out that the volatility of the nominal interest rate decreases

under the optimal monetary policy and fiscal policy. Furthermore, this tendency
does not depend on the share of tradables (17th and 18th rows in Tables 1 and
2).

The results of this sensitivity analysis prove the policy implications that are
mentioned by McKinnon[24]. Cooperative fiscal authorities have a certain role
in stabilizing both the welfare-relevant output gap and inflation simultaneously
when nontradables exist.

4.3 Welfare Analysis

In this section, we analyze the social welfare associated with both regimes,
focusing on the share of nontradables. This paper finds that the role of optimal
fiscal policy under the assumption that there are nontradables is more important
than the one under the assumption that all goods are tradable. To clarify the
role of optimal fiscal policy, we compare our result to that of Ferrero[16], who
finds that such a policy is essential for the minimization of social losses when
all goods are tradable.

Now, we define the welfare criteria. Setting δ → 1 on Eq.(19), the expected
welfare losses of any policy can be written in terms of the variances of inflation
and the welfare-relevant output gap as follows:

L̃W ≡ Λπ
4
var (πP,t) +

Λπ
4
var

¡
π∗P,t

¢
+
Λy
4
var (ŷt) +

Λy
4
var (ŷ∗t ) ,

with L̃W being the welfare loss under the setting δ → 1.
Figure 5 depicts social losses associated with the two regimes analyzed in the

previous section: optimal monetary policy alone and optimal monetary policy
and fiscal policy. As noted above, both regimes are fully committed. Under op-
timal monetary policy alone, when the share of nontradables increases, welfare
losses increase. However, optimal monetary and fiscal policy bring about ap-
proximately zero welfare losses, independent of the share of nontradables.26 The
necessity of optimal fiscal policy is clear from this analysis. Note that optimal
monetary policy alone cannot result in a zero welfare loss when all goods are
tradable, while the welfare losses are minimized among the losses brought about
by the optimal monetary policy alone. As Benigno[5] mentions, when all goods
are tradable, optimal monetary policy alone can eliminate the inflation—output
tradeoffs approximately and simultaneously.27 However, Ferrero[16] insists that
fiscal policy is needed, even though all goods are tradable. This discrepancy
stems from the assumption of the steady-state behavior of the fiscal authority.
Using DSGE analysis, Benigno[5] assumes a zero steady-state value of govern-
ment expenditure and the quantity of bonds. As in our setting, Ferrero[16] does

26Because of Eq.(21), zero welfare losses definitely cannot be obtained although optimal
fiscal policy is conducted.
27In addition, it is attained when price stickiness is the same in both countries.
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not assume a zero steady-state value of government expenditure and bonds.
Government expenditure and bonds have nonzero values in the steady state.
This results in additional elasticities, the steady-state share of government ex-
penditure with respect to output, and the steady-state share of government
bonds with respect to output, σG and σB , respectively. These elasticities change
the format of the demand block of the economy, which inhibits perfect risk shar-
ing. Thus, the study of Ferrero[16] corresponds with our study in the case where
all goods are tradable.

Our results insist that the existence of nontradables creates acute losses
in the Euro economy, not only because of the assumption of a steady state,
but also because of the real exchange rate anomaly. In our benchmark setting
where γ = 0.5, the welfare loss–the percentage deviation of utility from its
steady state, brought about by optimal monetary policy alone–is 0.26%, while
it is 0.13% when all goods are tradable, γ = 1. As noted above, approximately
50.3% of goods are nontradable; thus, the role of optimal fiscal policy is greater
than that suggested by Ferrero[16].

5 Implementing a Cooperative Solution by Self-

oriented Fiscal Authorities

Some studies, such as Benigno[4], Obstfeld and Rogoff[27] and Benigno and
Benigno[7], show that self-oriented monetary authorities can replicate the coop-
erative outcome in a decentralized framework so that there is no need for inter-
national monetary policy cooperation. Following their context, we investigate
whether it is possible that fiscal policies set in a noncooperative environment
can implement the optimal cooperative solution in this section.

While the central bank commits to minimizing the union-wide social loss LW
subject to the structural model, we assume that each fiscal authority commits
to minimizing its respective losses as follows:

LNC ≡ E0
∞X
t=0

δtLNCt ; LNC∗ ≡ E0
∞X
t=0

δtLNC∗t ,

subject to the structural model with:

LNCt ≡ Λπ
2
π2P,t +

Λy
2
ŷ2t ; L

NC∗
t ≡ Λπ

2

¡
π∗P,t

¢2
+
Λy
2
(ŷ∗t )

2
, (26)

where LNCt denotes the social loss assigned to the fiscal authority in country H
under the self-oriented setting.28

Next, we calculate the union-wide social loss under the cooperative setting
LW , and the union-wide social loss brought about by self-oriented fiscal author-
ities in both countries LNCW ≡ 1

2

£
LNC + LNC∗

¤
. For simplicity without loss of

28Following Beetsma and Jensen[3], we split the per period union-wide social loss function

Eq.(20) as follows: LWt = 1
2

¡
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¢
with Lt ≡ Λπ

2
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2
ŷ2t and L
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.
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generality, we assume ρT = ρN = ρG = 0 and each shock has constant variance.
After tedious calculations, we have the following:

LW = LNCW

=
Ψ1

(1− δ) 2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)2

¸n
[κ(1 + ϕ)Ω3]

2
γ2 [var (ξH,t)

+var (ξF,t)] + [κ(1 + ϕ)Ω3]
2
(1− γ)2

£
var (ξN ,t) + var

¡
ξ∗N ,t

¢¤
+(κσGΩ4)

2 £
var (ξG,t) + var

¡
ξ∗G,t

¢¤o
,

where Ψ1 < 1 denotes one of the solutions to the characteristic equation of
Eq.(21) and its counterpart in country F and Ω8 denotes a complicated coef-
ficient. This implies that a self-oriented fiscal authority can achieve the coop-
erative allocation in the Nash equilibrium without imposing a complicated loss
function on fiscal authorities. That is to say, there are no gains from fiscal policy
cooperation to maximize social welfare. Interestingly, LW = LNCW is applied
independent of the share of tradables. Our policy implication is applicable to
both the cases where there either are nontradables or not. Thus, our policy im-
plication is different from the result of not only Beetsma and Jensen[3] who show
the necessity of fiscal policy cooperation in a currency union where all goods are
tradable, but also by McKinnon[24] who insists on the necessity of moving fiscal
policy control from the national government to the central government in a cur-
rency union with nontradables. Furthermore, our policy implication differs from
Liu and Pappa[23], whose model is a flexible exchange rate two-country model
with nontradables, and who highlight the importance of policy cooperation.

Benigno and Benigno[6][7] and Liu and Pappa[23] show the importance of
policy cooperation by comparing the cooperative setting with the self-oriented
setting, although they do not assume a currency union. Under special cases,
however, Benigno and Benigno[6][7] and Liu and Pappa[23] imply that there
is no or only a quantitatively small role for policy cooperation. Benigno and
Benigno[6][7] show that when the inverse of relative risk aversion times the
elasticity of substitution between domestic and foreign tradables is unity, the
allocation brought about by self-oriented policy makers corresponds to the co-
operative allocation. Under such a case, each policy authority can control their
own output gap and inflation independently of the TOT. Liu and Pappa[23],
whose model implies that the inverse of relative risk aversion, the elasticity of
substitution between domestic tradables and foreign tradables and the elastic-
ity of substitution between tradables and nontradables, are unity, show that
the gains from policy cooperation are quantitatively small when two countries
have symmetric trading structures, which implies that the ratio of tradables to
the sum of tradables and nontradables are equal in the two countries. In such
a case, the TOT externality disappears, because output gap and inflation are
independent of the TOT, as mentioned by Benigno and Benigno[6][7]. Once the
symmetric trade structure is applied in Liu and Pappa[23], their parameteri-
zation is consistent with Benigno and Benigno[6][7]’s special case and Liu and
Pappa[23] show that there are small gains from policy cooperation in such a
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situation.
Our model implies that the inverse of relative risk aversion and the elasticity

of substitution between domestic tradables and foreign tradables are unity, as
in Liu and Pappa[23]. Furthermore, the share of tradables γ is equal in the two
countries and the elasticity of substitution between tradables and nontradables
η is assumed to be unity after Section 4. The assumption of η = 1 is also consis-
tent with Liu and Pappa[23]’s setting. Thus, our settings correspond to Liu and
Pappa[23]’s special case in which the gains from policy cooperation are quan-
titatively small. Although we should consider that Liu and Pappa[23] do not
assume a currency union, our policy implication is not necessarily inconsistent
with theirs.

It is important and interesting to compare our results with the policy impli-
cation derived by Beetsma and Jensen[3], who develop a two-country currency
union model without nontradables, implying that fiscal policy cooperation is im-
portant. While the difference in the policy implication between us and Benigno
and Benigno[6][7] and Liu and Pappa[23] depends on parameter values, the dif-
ference in the policy implication between us and Beetsma and Jensen[3] does
not depend on parameter values. In fact, although Beetsma and Jensen[3] as-
sume an Armington form of the consumption index, which consists of tradables
produced in two countries, as do we, they do not assume a logarithmic utility
function of consumption as in Eq.(1).29 Beetsma and Jensen[3]’s parameteri-
zation is not consistent with Benigno and Benigno[6][7]’s special case in which
the allocation brought about by self-oriented policy makers corresponds to the
cooperative allocation. However, it cannot be said that the reason we have
a different policy implication on fiscal policy cooperation results from our pa-
rameterization assumptions. Beetsma and Jensen[3] assume a household utility
function in which government expenditure appears and fiscal authorities man-
age government expenditure, although we do not assume such a utility function,
as shown in Eq.(1), and we assume that fiscal authorities manage government
debt. By second-order approximating such a utility function including gov-
ernment expenditure, the cross-term of the logarithmic TOT and the relative
government expenditure gap, which gives additional welfare benefits from the
TOT externality, appears in their union-wide loss function. They set the relative
risk aversion larger than unity in their benchmark case, which is not consistent
with us. However, the coefficient of that cross-term does not depend on rela-
tive risk aversion and does not disappear if relative risk aversion becomes unity,
which corresponds to our parameterization. This implies that whether the TOT
externality appears or not depends on the stabilization tools used by the fiscal
authorities because adopting the utility function including government expen-
diture makes it possible to solve an optimization problem for fiscal authorities
that control government expenditure. They assume that the fiscal authorities’
loss functions in a noncooperative setting are domestically oriented and do not
include such a cross-term. In our setting, the union-wide loss function is sim-

29Our consumption index is given by Eq.(2). If there are only tradables, however, Eq.(2)

reduces to a consumption index of tradables: namely, Ct = 2C
1
2
H,tC

1
2
F,t is applied.
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ply the weighted sum of each country’s loss function, as shown in Eqs.(20) and
(26) and there is no TOT externality. In Beetsma and Jensen[3]’s setting, how-
ever, the union-wide-level loss function is not simply the sum of each country’s
loss function, and there is a TOT externality, which gives each fiscal authority
opportunity to change the TOT through government expenditure to enhance
each country’s social welfare. Clearly, policy cooperation is important in their
setting.

As mentioned, the difference between the policy implication of Beetsma and
Jensen[3] and ours does not depend on parameter values. That difference de-
pends on the stabilization tools used by the fiscal authorities. Although further
detailed discussion is needed, the difference in stabilization tools may affect the
necessity or importance of policy cooperation. Inferring from a comparison be-
tween the results of Beetsma and Jensen[3] and us, managing government debt
as a stabilization tool may be less costly than managing government expen-
diture, because managing government debt does not need policy cooperation
which involves nonnegligible costs.30

6 Conclusion

We discussed optimal monetary and fiscal policy in a currency union. Our most
important and interesting finding is that self-oriented fiscal policy can replicate
the allocation brought about by a cooperative setting and there are no gains from
fiscal policy cooperation, either when there are nontradables or when there are
not. This policy implication contrasts with Beetsma and Jensen[3], who show
the importance of policy cooperation. Taking into account the costs of policy
cooperation, our main finding implies that cooperation on fiscal policy in the
Euro zone may be futile, because there are no gains from policy cooperation.
Our results imply that recent pressure for more fiscal policy cooperation in
Europe is not necessarily beneficial.

Comparing our main finding with Beetsma and Jensen[3]’s finding, there is
a possibility that the necessity or importance of policy cooperation depends on
the choice of stabilization tools. The necessity or importance of cooperation has
been discussed in preceding papers, focusing on the parameter values that re-
sults in a TOT externality. Beetsma and Jensen[3] assume that fiscal authorities
manage government debt and they show the necessity of fiscal policy coopera-
tion. As mentioned, the difference in the policy implication between this paper
and Beetsma and Jensen[3] does not depend on parameter values, but rather
depends on the stabilization tools used. Further discussion on the choice of
stabilization tools to avoid welfare losses associated with policy cooperation is
an important objective for future research.

30There are costs to forcing players to comply with the cooperation framework and to share
their understanding of the game, according to Kawai[20].
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A Details on Derivation of the Model

A.1 Households

Preferences of the representative household in countries H and F are given by:

U ≡ E0

∞X
t=0

δt
µ
lnCt −

1

1 + ϕ
N1+ϕ
t

¶
,

U∗ ≡ E0

∞X
t=0

δt
µ
lnC∗t −

1

1 + ϕ
(N∗t )

1+ϕ

¶
, (A.1)

where C∗t denotes consumption in country F , N
∗
t ≡ NF,t +N∗N ,t denotes hours

of work in country F , NF,t ≡
R 2
1
NF,t (f) df and N

∗
N ,t ≡

R 2
1
N∗N ,t (f) df denote

hours of work to produce tradables produced in country F and nontradables
produced in country F , respectively. The first equality in Eq.(A.1) is Eq.(1) in
the text.

More precisely, private consumption is a composite index defined by:
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with CN ,t ≡
hR 1
0
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θ−1
θ dh

i θ
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i θ
θ−1
, where the index

{h, f} denotes a variable that is specific to agents h and f , C∗T ,t denotes the
consumption index for tradables in country F , and C∗N ,t denotes an index of
consumption across the nontradable goods produced in country F . The first
equality in Eq.(A.2) is Eq.(2) in the text.

A sequence of budget constraints is given by:
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index of nontradables produced in country F and S∗t denotes the lump sum
taxes in country F .

The optimal allocation of any given expenditure within each category of
goods yields the following demand functions:
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¶−θ
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µ
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These equalities imply that
R 1
0
PH,t (h)CH,t (h) dh = PH,tCH,t,
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Total consumption expenditures by households in countries H and F are
given by:
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Combining Eq.(A.3) and these equalities, we obtain:
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where the first equality in Eq.(A.5) is Eq.(3) in the text.
Combining Eq.(A.4) and aggregators, we have:
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¶−1
CT ,t,

C∗H,t =
1

2

µ
PH,t
PT ,t

¶−1
C∗T ,t, ; C∗F,t =

1

2

µ
PF,t
PT ,t

¶−1
C∗T ,t,

CT ,t = γ

µ
PT ,t
Pt

¶−η
Ct, ; CN ,t = (1− γ)

µ
PN ,t
Pt

¶−η
Ct,

C∗T ,t = γ

µ
PT ,t
P ∗t

¶−η
C∗t , ; C∗N ,t = (1− γ)

µ
P ∗N ,t
P ∗t

¶−η
C∗t . (A.6)

The first, second, fifth and sixth equalities in Eq.(A.6) are Eq.(5) in the text.
CPIs are given by:

Pt ≡
h
γP 1−ηT ,t + (1− γ)P 1−ηN ,t

i 1
1−η

,

P ∗t ≡
h
γP 1−ηT ,t + (1− γ)

¡
P ∗N ,t

¢1−ηi 1
1−η

, (A.7)
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where P ∗t denotes the CPI in country F . The first equality in Eq.(A.7) is Eq.(4)
in the text.

The representative household maximizes Eq.(A.1) subject to Eq.(A.5). Op-
timality conditions are given by:

δEt

Ã
C−1t+1Pt
C−1t Pt+1

!
=
1

Rt
, ; δEt

"¡
C∗t+1

¢−1
P ∗t

(C∗t )
−1
P ∗t+1

#
=
1

Rt
, (A.8)

CtN
ϕ
t =

Wt

Pt
, ; C∗t (N

∗
t )
ϕ =

W ∗t
P ∗t

. (A.9)

The RHS of Eq.(A.8) is an intertemporal optimality condition in country F ,
whereas the RHS of Eq.(A.9) is an intratemporal optimality condition in country
F . The LHS of both Eqs.(A.8) and (A.9) are Eq.(6) in the text.

Combining and iterating Eq.(A.8) with an initial condition, we have the
following optimal risk-sharing condition:

Ct = ϑC∗t Qt, (A.10)

which is Eq.(7) in the text. When C−1 = C∗−1 = P−1 = P ∗−1 = 1, we have
ϑ = 1.

A.2 Firms

Each producer can use a linear technology to produce a differentiated good as
follows:

YH,t (h) = AH,tNH,t (h) , ; YN ,t (h) = AN ,tNN ,t (h) ,

YF,t (f) = AF,tNF,t (f) , ; Y ∗N ,t (f) = A
∗
N ,tN

∗
N ,t (f) , (A.11)

with YH,t ≡
³R 1

0
YH,t (h)

θ−1
θ dh

´ θ
θ−1
, YF,t ≡

³R 2
1
YF,t (f)

θ−1
θ df

´ θ
θ−1
, YN ,t ≡³R 1

0
YN ,t (h)

θ−1
θ dh

´ θ
θ−1

and Y ∗N ,t ≡
³R 2

1
Y ∗N ,t (f)

θ−1
θ df

´ θ
θ−1
, where AF,t and

A∗N ,t denote stochastic productivity shifters associated with tradables and non-
tradables produced in country F , respectively. The first equalities in Eq.(A.11)
are Eq.(8) in the text.

Using Dixit—Stiglitz aggregators, Eq.(A.11) can be rewritten as:

YH,t =
AH,tNH,tR 1
0
YH,t(h)
YH,t

dh
; YN ,t =

AN ,tNN ,tR 1
0
YN ,t(h)
YN ,t

dh
,

YF,t =
AF,tNF,tR 2
1
YF,t(f)
YF,t

df
; Y ∗N ,t =

A∗N ,tN
∗
N ,tR 2

1

Y ∗N ,t
(f)

Y ∗N ,t
df
. (A.12)

Under Calvo—Yun-style price-setting behavior, the pricing rules are given by:

PH,t =
h
αP 1−θH,t−1 + (1− α) P̃ 1−θH,t

i 1
1−θ

,
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PN ,t =
h
αP 1−θN,t−1 + (1− α) P̃ 1−θN ,t

i 1
1−θ

,

PF,t =
h
αP 1−θF,t−1 + (1− α) P̃ 1−θF,t

i 1
1−θ

,

P ∗N ,t =

∙
α
¡
P ∗N,t−1

¢1−θ
+ (1− α)

³
P̃ ∗N ,t

´1−θ¸ 1
1−θ

, (A.13)

where P̃F,t and P̃
∗
N ,t are the prices chosen by firms when they obtain the chance

to change prices associated with tradables and nontradables produced in country
F , respectively.

The maximization problems faced by firms are as follows:

max
P̃H,t

Et

" ∞X
k=0

(αδ)k (Pt+kCt+k)
−1 ỸH,t+k

³
P̃H,t −MCnH,t+k

´#
,

max
P̃N ,t

Et

" ∞X
k=0

(αδ)
k
(Pt+kCt+k)

−1 ỸN ,t+k
³
P̃N ,t −MCnN ,t+k

´#
,

max
P̃F,t

Et

" ∞X
k=0

(αδ)
k ¡
P ∗t+kC

∗
t+k

¢−1
ỸF,t+k

³
P̃F,t −MCnF,t+k

´#
,

max
P̃∗N ,t

Et

" ∞X
k=0

(αδ)
k ¡
P ∗t+kC

∗
t+k

¢−1
Ỹ ∗N ,t+k

³
P̃ ∗N ,t −MC∗nN ,t+k

´#
,

ỸH,t+k ≡
³

P̃H,t
PH,t+k

´−θ
YH,t+k and ỸN ,t+k ≡

³
P̃N ,t

PN ,t+k

´−θ
YN ,t+k, where ỸF,t+k ≡³

P̃F,t
PF,t+k

´−θ
YF,t+k and Ỹ

∗
N ,t+k ≡

µ
P̃ ∗N ,t

Y ∗N ,t+k

¶−θ
Y ∗N ,t+k denote the total demands

when the prices change, and MCnF,t ≡
W∗t

(1−τ)AF,t
and MC∗nN ,t ≡

W∗t
(1−τ)A∗N ,t

de-

note the marginal costs associated with tradables and nontradables produced
in country F , respectively.

The FONCs are as follows:

Et

" ∞X
k=0

(αδ)
k
(Pt+kCt+k)

−1 ỸH,t+k
³
P̃H,t − ζMCnH,t+k

´#
= 0,

Et

" ∞X
k=0

(αδ)
k
(Pt+kCt+k)

−1
ỸN ,t+k

³
P̃N ,t − ζMCnN ,t+k

´#
= 0,

Et

" ∞X
k=0

(αδ)
k ¡P ∗t+kC∗t+k¢−1 ỸF,t+k ³P̃F,t − ζMCnF,t+k´

#
= 0,

Et

" ∞X
k=0

(αδ)
k ¡P ∗t+kC∗t+k¢−1 Ỹ ∗N ,t+k ³P̃ ∗N ,t − ζMCn∗N ,t+k´

#
= 0.

(A.14)
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The first and the second equalities in Eq.(A.14) are Eq.(9) in the text.
We define the real marginal costs as:

MCH,t ≡
MCnH,t
PP,t

; MCN ,t ≡
MCnN ,t
PP,t

,

MCF,t ≡
MCnF,t
P ∗P,t

; MC∗N ,t ≡
(MC∗)nN ,t
P ∗P,t

, (A.15)

with P ∗P ≡
PF,tYF,t+P

∗
N ,tY

∗
N ,t

YF,t+Y ∗N ,t
.

Combining the first equalities of Eqs.(A.14) and (A.15) yields:

Et

( ∞X
k=0

(αδ)k
h
X̃
−(θ−1)
H,t+k X

−(η−1)
T,t+k − ζX̃−θH,t+kX−1H,t+kX−ηT ,t+kXP,t+kMCH,t+k

i)
= 0,

(A.16)

with X̃H,t+k ≡ P̃H,t
PH,t+k

, XH,t+k ≡ PH,t+k
PT ,t+k

, XT ,t+k ≡ PT ,t+k
Pt+k

and XP,t+k ≡ PP,t+k
Pt+k

.

Combining the definition of the marginal cost and Eq.(A.9), we have:

MCH,t =
CtN

ϕ
t Pt

(1− τ )PP,tAH,t
, ; MCN ,t =

CtN
ϕ
t Pt

(1− τ )PP,tAN ,t
,

MCF,t =
C∗t (N

∗
t )
ϕ P ∗t

(1− τ )P ∗P,tAF,t
, ; MC∗N ,t =

C∗t (N
∗
t )
ϕ P ∗t

(1− τ )P ∗P,tA∗N ,t
. (A.17)

We define the country-wide real marginal cost as:

MCt ≡
MCH,tYH,t +MCN ,tYN ,t

YH,t + YN ,t
,

MC∗t ≡
MCF,tYF,t +MC

∗
N ,tY

∗
N ,t

YH,t + YN ,t
.

A.3 Local Government

The government expenditure index is given by:

GH,t ≡
µZ 1

0

GH,t (h)
θ−1
θ dh

¶ θ
θ−1

, ; GN ,t ≡
µZ 1

0

GN ,t (h)
θ−1
θ df

¶ θ
θ−1

,

GF,t ≡
µZ 2

1

GF,t (f)
θ−1
θ dh

¶ θ
θ−1

, ; G∗N ,t ≡
µZ 2

1

G∗N ,t (f)
θ−1
θ df

¶ θ
θ−1

,

where GF,t and G
∗
N ,t denote government expenditure on tradables and non-

tradables produced in country F , respectively. For simplicity, we assume that
government purchases are fully allocated to a domestically produced good. For
any given level of public consumption, the government allocates expenditures
across goods in order to minimize total cost. This yields the following set of
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government demand schedules, analogous to those associated with private con-
sumption.

GH,t (h) =

µ
PH,t (h)

PH,t

¶−θ
GH,t ; GN ,t (h) =

µ
PN ,t (h)

PN ,t

¶−θ
GN ,t,

GF,t (f) =

µ
PF,t (f)

PF,t

¶−θ
GF,t ; G∗N ,t =

Ã
P ∗N ,t (f)

P ∗N ,t

!−θ
G∗N ,t. (A.18)

The flow government budget constraints are given by:

Bnt = Rt−1B
n
t−1 −

½Z 1

0

PH,t (h) [τYH,t (h)−GH,t (h)] dh

+

Z 1

0

PN ,t (h) [τYN ,t (h)−GN ,t (h)] dh
¾

Bn∗t = Rt−1B
n∗
t−1 −

½Z 2

1

PF,t (h) [τYF,t (f)−GF,t (h)] dh

+

Z 2

1

P ∗N ,t (h)
£
τY ∗N ,t (h)−G∗N ,t (h)

¤
dh

¾
(A.19)

where Bn∗t ≡ P ∗t B
∗
t denote the nominal risk-free bonds issued by local gov-

ernment in country F and B∗t denote the real risk-free bonds issued by local
government in country F , respectively.

Combining the definition of prices and output, we have:

YH,t (h) =

µ
PH,t (h)

PH,t

¶−θ
YH,t, ; YN ,t (h) =

µ
PN ,t (h)

PN ,t

¶−θ
YN ,t,

YF,t (f) =

µ
PF,t (f)

PF,t

¶−θ
YF,t, ; Y ∗H,t (h) =

µ
PH,t (h)

PH,t

¶−θ
Y ∗H,t.(A.20)

Substituting Eqs.(A.18) and (A.20) into Eq.(A.19), we have:

Bnt = Rt−1B
n
t−1 − [τ (PH,tYH,t + PN ,tYN ,t)− (PH,tGH,t + PN ,tGN ,t)] ,

Bn∗t = Rt−1B
n∗
t−1 −

£
τ
¡
PF,tYF,t + P

∗
N ,tY

∗
N ,t
¢
−
¡
PF,tGF,t + P

∗
N ,tG

∗
N ,t
¢¤
.

These equalities can be rewritten as:

Bnt = Rt−1B
n
t−1 − [τPP,t (YH,t + YN ,t)− PG,t (GH,t +GN ,t)] ,

Bn∗t = Rt−1B
n∗
t−1 −

£
τP ∗P,t

¡
YF,t + Y

∗
N ,t
¢
− P ∗G,t

¡
GF,t +G

∗
N ,t
¢¤
,

(A.21)

with P ∗G,t ≡
PF,tGF,t+P

∗
N ,tG

∗
N ,t

GF,t+G∗N ,t
. The first equality in Eq.(A.21) is Eq.(10) in the

text.
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Eq.(A.21) yields the consolidated government budget constraint which is
given by:

1

2
(Bnt +B

n∗
t ) = Rt−1

1

2

¡
Bnt−1 +B

n∗
t−1
¢
− 1
2
{[τPP,t (YH,t + YN ,t)− PG,t (GH,t +GN ,t)] ,

+
£
τP ∗P,t

¡
YF,t + Y

∗
N ,t
¢
− P ∗G,t

¡
GF,t +G

∗
N ,t
¢¤ª

. (A.22)

The appropriate transversality conditions for government assets are given
by:

lim
k→∞

EtQt,k
1

2
(Bnk +B

∗n
k ) = 0,

which appears in footnote 9 in the text.
Starting from Eq.(A.22) with the appropriate transversality condition, the

resulting consolidated intertemporal budget constraint can be written as:

1

2
Rt−1

∙
C−1t
Πt

Bt−1

+
(C∗t )

−1

Π∗t
B∗t−1

#
=

1

2
Et

( ∞X
k=0

δk
∙
PP,t+kτ (YH,t+k + YN ,t+k)− PG,t+k (GH,t+k +GN ,t+k)

Ct+kPt+k

+
P ∗P,t+kτ (YF,t+k + YN ,t+k)− P ∗G,t+k

³
GF,t+k +G

∗
N ,t+k

´
C∗t+kP

∗
t+k

⎤⎦⎫⎬⎭ ,
with Π∗t ≡ P∗t

P∗
t−1

being the gross CPI inflation rate in country F . This can be

rewritten as:

1

2
Rt−1

"
C−1t
Πt

Bt−1 +
(C∗t )

−1

Π∗t
B∗t−1

#
=

PP,tτ (YH,t + YN ,t)− PG,t (GH,t +GN ,t)
PtCt

+
P ∗P,tτ

¡
YF,t + Y

∗
N ,t
¢
− P ∗G,t

¡
GF,t +G

∗
N ,t
¢

P ∗t C
∗
t

+ δEtRt

Ã
C−1t+1
Πt+1

Bt +

¡
C∗t+1

¢−1
Π∗t+1

B∗t

!
.(A.23)

A.4 Market Clearing

Market clearing conditions for tradables are given by:

YH,t (h) = CH,t (h) + C
∗
H,t (h) +GH,t (h) ,

YF,t (f) = CF,t (f) + C
∗
F,t (f) +GF,t (f) . (A.24)

The first equality in Eq.(A.24) is the LHS of Eq.(11) in the text.
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As for nontradables, equilibrium requires that:

YN ,t (h) = CN ,t (h) +GN ,t (h) ,

Y ∗N ,t (f) = C∗N ,t (f) +G
∗
N ,t (f) . (A.25)

The first equality in Eq.(A.25) is the RHS of Eq.(11) in the text.
The market in country H for tradables clears when domestic demand is given

by Eq.(A.24). As for nontradables, equilibrium requires Eq.(A.25).
Using Eqs.(A.4), (A.10) and (A.18), Eq.(A.24) can be rewritten as:

YH,t (h) =

µ
PH,t (h)

PH,t

¶−θ(
γ

2

µ
PH,t
PT ,t

¶−1
Ct

"µ
PT ,t
Pt

¶−η
+

µ
PT ,t
P ∗t

¶−η
Q−1t

#
+GH,t

)
,

YF,t (f) =

µ
PF,t (f)

PF,t

¶−θ(
γ

2

µ
PF,t
PT ,t

¶−1
Ct

"µ
PT ,t
Pt

¶−η
+

µ
PT ,t
P ∗t

¶−η
Q−1t

#
+GF,t

)
,

where we use the fact that C∗t =
Ct
Qt
, which is derived from Eq.(A.10). Com-

bining these equalities and Eqs.(A.4), (A.10) and (A.18), Eq.(A.24) can be
rewritten as:

YH,t =
γ

2

µ
PH,t
PT ,t

¶−1
Ct

"µ
PT ,t
Pt

¶−η
+

µ
PT ,t
P ∗t

¶−η
Q−1t

#
+GH,t,

YF,t =
γ

2

µ
PF,t
PT ,t

¶−1
Ct

"µ
PT ,t
Pt

¶−η
+

µ
PT ,t
P ∗t

¶−η
Q−1t

#
+GF,t. (A.26)

Using Eqs.(A.4), (A.10) and (A.18), Eq.(A.25) can be rewritten as:

YN ,t (h) =

µ
PN ,t (h)
PN ,t

¶−θ "
(1− γ)

µ
PN ,t
Pt

¶−η
Ct +GN ,t

#
,

Y ∗N ,t (f) =

µ
PN ,t (h)

PN ,t

¶−θ "
(1− γ)

µ
P ∗N ,t
P ∗t

¶−η
CtQ

−1
t +G∗N ,t

#
.

Combining these equalities and Eqs.(A.4), (A.10) and (A.18), Eq.(A.25) can be
rewritten as:

YN ,t = (1− γ)
µ
PN ,t
Pt

¶−η
Ct +GN ,t,

Y ∗N ,t = (1− γ)
µ
P ∗N ,t
P ∗t

¶−η
CtQ

−1
t +G∗N ,t. (A.27)

Eq.(A.26) implies that:

YH,t −GH,t
YF,t −GF,t

= Tt,
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where Tt ≡ PF,t
PH,t

denotes the terms of trade (TOT).

Eq.(A.27) implies that:

YN ,t −GN ,t
Y ∗N ,t −G∗N ,t

= NηtQ
−(η−1)
t ,

where Nt ≡ P∗N ,t

PN ,t
denotes the nontradables price difference between countries H

and F (NPD).
Finally, we define country-wide output and government expenditure as:

Yt ≡
PH,t
PP,t

YH,t +
PN ,t
PP,t

YN ,t ; Y ∗t ≡
PF,t
P ∗P,t

YF,t +
PN ,t
P ∗P,t

YN ,t, (A.28)

Gt ≡
PH,t
PG,t

GH,t +
PN ,t
PG,t

GN ,t ; G∗t ≡
PF,t
PG,t

GF,t +
P ∗N ,t
P ∗G,t

GN ,t. (A.29)

The LHS equalities in Eqs.(A.28) and (A.29) are Eq.(12) in the text.

A.5 Net Exports

Following Gali and Monacelli[18], we define net exports in country H as follows:

NXt ≡ Yt −
Pt
PP,t

Ct −
PG,t
PP,t

Gt, (A.30)

where NXt denotes net exports in country H.

B Nonstochastic Steady State

We focus on equilibria where the state variables follow paths that are close to
a deterministic stationary equilibrium, in which ΠH,t = ΠN = ΠF,t = Π

∗
N ,t = 1

with ΠH,t ≡ PH,t
PH,t−1

, ΠN ,t ≡ PN ,t

PN ,t−1
, ΠF,t ≡ PF,t

PF,t−1
and Π∗N ,t ≡

P ∗N ,t

P∗N ,t−1
where

variables without the subscript indicating the period denote their nonstochastic
steady state value. These imply that the PPI inflation rate is zero in this steady
state. Note that X̃H = X̃N = X̃F = X̃

∗
N = 1 is applied in this steady state with

X̃H,t ≡ P̃H,t
PH,t

, X̃N ,t ≡ P̃N ,t

PN ,t
, X̃F,t ≡ P̃F,t

PF,t
and X̃∗N ,t ≡

P̃∗N ,t

P∗N ,t
. Because this steady

state is nonstochastic, all productivities are unit values, i.e., AH = AN = AF =
A∗N = 1. In addition, we assume that GH = GF , GN = G∗N and B = B∗ in
this steady state.

In this steady state, the gross nominal interest rate is equal to the inverse
of the subjective discount factor, as follows:

R = δ−1.
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Eq.(A.14) can be rewritten as:

P̃H,t = Et

Ã
KH,t

P−1H,tFH,t

!
; P̃N ,t = Et

Ã
KN ,t

P−1N ,tFN ,t

!

P̃F,t = Et

Ã
KF,t

P−1F,tFF,t

!
; P̃ ∗N,t = Et

Ã
K∗N ,t

P ∗N ,tF
∗
N ,t

!
, (B.1)

with:

KH,t ≡ ζ

∞X
k=0

(Pt+kCt+k)
−1
ỸH,t+kMC

n
H,t+k ; FH,t ≡ PH,t

∞X
k=0

(Pt+kCt+k)
−1
ỸH,t+k

KN ,t ≡ ζ

∞X
k=0

(Pt+kCt+k)
−1
ỸN ,t+kMC

n
N ,t+k ; FN ,t ≡ PN ,t

∞X
k=0

(Pt+kCt+k)
−1
ỸN ,t+k

KF,t ≡ ζ

∞X
k=0

¡
P ∗t+kC

∗
t+k

¢−1
ỸF,t+kMC

n∗
F,t+k ; FF,t ≡ PF,t

∞X
k=0

¡
P ∗t+kC

∗
t+k

¢−1
ỸF,t+k

K∗N ,t ≡ ζ
∞X
k=0

¡
P ∗t+kC

∗
t+k

¢−1
Ỹ ∗N ,t+kMC

n∗
H,t+k ; F ∗N ,t ≡

∞X
k=0

¡
P ∗t+kC

∗
t+k

¢−1
Ỹ ∗N ,t+k.

(B.2)

Eq.(B.2) implies that:

KH =
ζYHMC

n
H

(1− αδ) (PC) ; FH =
PHYH

(1− αδ) (PC)

KN =
ζYNMCnN

(1− αδ) (PC) ; FN =
PNYN

(1− αδ) (PC)

KF =
ζYFMC

n
F

(1− αδ) (P ∗C∗) ; FF =
PFYF

(1− αδ) (P ∗C∗)

K∗N =
ζY ∗NMC

n∗
N

(1− αδ) (P ∗C∗) ; FN =
P ∗NY

∗
N

(1− αδ) (P ∗C∗) .

These equalities and Eq.(B.1) imply that:

PH = ζMCn ; PN = ζMCn ; PF = ζMCn∗ ; P ∗N = ζMCn∗, (B.3)

where we use the equalities as follows:

MCnH =MC
n
N ≡MCn ; MCnF =MCn∗N ≡MCn∗,

which are implied by Eq.(A.17). These equalities imply that:

PH = PN ,

PF = P
∗
N .
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Combining these equalities and the definition of PP,t, P
∗
P,t, PG,t and P

∗
G,t, we

have:

PP = PH = PN = PG,

P ∗P = PF = P
∗
N = P ∗G. (B.4)

Following Gali and Monacelli[18], we assume that PPP (purchasing power
parity) holds in the steady state, which means that:

Q = 1. (B.5)

Eqs.(B.4) and (B.5) imply the following:

P = P ∗ = PT = PN = P ∗N = PH = PF = PP = P
∗
P = PG = P

∗
G. (B.6)

Note that because PF = PH and PN = P ∗N , we have:

T = N = 1. (B.7)

Because of Eqs.(B.3), Eq.(B.4) can be rewritten as:

MCn =MCn∗.

Thus, we have:

MC =MC∗ = ζ−1,

with MC ≡ MCn

P and MC∗ ≡ MCn∗

P .
Furthermore, Eqs.(A.17) and (B.4) imply the following:

CNϕ = C∗ (N∗)ϕ =
1− τ
ζ

. (B.8)

Eq.(B.8) implies the familiar expression:

(1− τ)UC (C) = ζUN (N) ,

(1− τ)UC (C∗) = ζUN (N
∗) . (B.9)

Note that because τ ∈ (0, 1) and θ > 1, this steady state is distorted.
Eq.(A.26) can be rewritten as:

YH = γC +GH ; YF = γC +GF , (B.10)

by using Eq.(B.6). Because GH = GF , YH = YF . As with Eq.(B.6), Eq.(A.29)
can be rewritten as:

YN = (1− γ)C +GN ; Y ∗N = (1− γ)C +G∗N . (B.11)

Because GN = G∗N , YN = Y ∗N .
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Eq.(B.6) and Eq.(18) in the text imply the following:

Y = YH + YN ; Y ∗ = YF + Y
∗
N ,

G = GH +GN ; G∗ = GF +G
∗
N . (B.12)

Combining Eqs.(B.11) and (B.12), we have:

Y = C +G ; Y ∗ = C +G∗. (B.13)

Because GH = GF and GN = G∗N , Eq.(B.12) implies G = G
∗. Thus,

Y = Y ∗.

Eqs.(A.10) and (B.5) imply that:

C = C∗. (B.14)

Eqs.(B.8) and (B.14) imply the following:

N = N∗.

Eq.(A.21) yields the following:

B

µ
1− δ
δ

¶
= τY −G, (B.15)

with B ≡ Bn

P . This equality implies B = B
∗.

We assume B > 0; thus, another transversality condition for local govern-
ment is given by:

lim
k→∞

Et
£
δk−tUC (C)RB

¤
= 0, (B.16)

which appears in footnote 9 in the text.

C Log-linearization of the Model

C.1 Aggregate Demand and Output

Log-linearizing Eq.(7) in the text, we obtain the following:

cRt = qt, (C.1)

where qt denotes the logarithmic CPI differential between the two countries.
Log-linearizing Eq.(A.7) and rearranging yields:

qt = (1− γ) nt. (C.2)

Log-linearizing and manipulating Eq.(A.7), we obtain:

πt = γπT ,t + (1− γ) πN ,t, (C.3)
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with πT ,t = 1
2πH,t +

1
2πF,t which is derived by log-linearizing the definition of

the price index of tradables, where πt denotes the CPI inflation rate in country
H , πT ,t denotes the tradable goods price inflation rate, πH,t and πF,t denote
the inflation rates of tradables produced in countries H and F , respectively, and
πN ,t denotes the inflation rate of nontradables produced in country H .

Log-linearizing the definition of PPI, we have:

pP,t = γpH,t + (1− γ) pN ,t. (C.4)

This equality implies that:

πP,t = γπH,t + (1− γ) πN ,t, (C.5)

where πP,t denotes the PPI inflation rate in country H .
Log-linearizing Eq.(A.28), we have:

yt = γyH,t + γpH,t − γpP,t + (1− γ) yN ,t + (1− γ) pN ,t − (1− γ) pP,t
= γyH,t + (1− γ) yN ,t + γpH,t + (1− γ) pN ,t − pP,t.

Substituting Eq.(C.4) into this equality, we have:

yt = γyH,t + (1− γ) yN ,t + pP,t − pP,t,
= γyH,t + (1− γ) yN ,t. (C.6)

Log-linearizing the definition of the average price of goods purchased by the
government in country H yields:

pG,t = γpH,t + (1− γ) pN ,t, (C.7)

which implies that pP,t = pG,t.
Combining the log-linearized LHS of Eq.(A.29) and Eq.(C.7), we have:

gt = γgH,t + (1− γ) gN ,t. (C.8)

Log-linearizing the first equalities of Eqs.(A.26) and (A.27) and substituting
these equalities into Eq.(C.6), we have:

yt = (1− σG) ct +
(1− σG) γ

2
tt +

(1− σG)ψ
2

nt + σGgt. (C.9)

Subtracting the counterpart of Eq.(C.9) in country F from Eq.(C.9), we
have:

yRt = γ (1− σG) tt + (1− γ)$ (1− σG) nt + σGg
R
t . (C.10)

Log-linearizing Eq.(A.23), we have:

bt = Etct+1 − ct −
1

δ
πt + Etπt+1 +

1

δ
r̂t−1 − r̂t +

1

δ
bt−1 +

µ
1− δ
δ

¶
γ

2
tt

− τ

σB
yt +

σG
σB
gt. (C.11)
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Combining Eqs.(C.3), (C.6), (C.8), (C.10), (C.11) and the counterpart of
Eq.(C.11), we have:

yWt =
βW
1− σG

Ety
W
t+1 + βWEtπ

W
t+1 − βW r̂t +

βW
δ
r̂t−1 − βW bWt

+
βW
δ
bWt−1 −

βW
δ
πWt + σGνW g

W
t , (C.12)

yRt = −βRδbRt + βR (1− γ) υnt − βR (1− γ) nt−1 + βRb
R
t−1

+ σGνRg
R
t . (C.13)

Log-linearizing Eq.(A.30) and substituting Eq.(C.9) yields:

cnxt = (1− σG)ψ
2

nt,

with cnxt ≡ dNXt

Y denoting the percentage deviation of the net exports in country
H from the steady-state value of output. Note that this equality becomes cnxt =
0 which implies that balanced trade is definitely applied, under our benchmark
parameterization, η = 1.

C.2 Aggregate Supply and Inflation

Log-linearizing Eq.(A.16), we have:

Et

" ∞X
k=0

(αδ)k (x̃H,t+k + xH,t+k + xT ,t+k − xP,t+k −mcH,t+k)
#
= 0,

with x̃H,t+k ≡ ln X̃H,t+k, xH,t+k ≡ lnXH,t+k, xT ,t+k ≡ lnXT ,t+k and xP,t+k ≡
lnXP,t+k.

Using the fact that x̃H,t+k = xH,t −
Pk

s=1 πH,t+s, this can be rewritten as:

Et

" ∞X
k=0

(αδ)
k

Ã
x̃H,t −

kX
s=1

πH,t+s + xH,t+k + xT ,t+k − xP+k,t −mcH,t+k
!#

= 0.

Furthermore, using the fact that
P∞

k=0 (αδ)
kPk

s=1 πH,t+s =
1

1−αδ
P∞

k=1 (αδ)
k
πH,t+k,

this can be rewritten as:

1

1− αδ x̃H,t −
1

1− αδEt
∞X
k=1

(αδ)
k
πH,t+k + Et

∞X
k=0

(αδ)
k
xH,t+k + Et

∞X
k=0

(αδ)
k
xT ,t+k,

−Et
∞X
k=0

(αδ)
k
xP,t+k − Et

∞X
k=0

(αδ)
k
mcH,t+k = 0.

Rearranging this, we have:

x̃H,t =

∞X
k=1

(αδ)
k
πH,t+k − (1− αδ)

∞X
k=0

(αδ)
k
xH,t+k − (1− αδ)

∞X
k=0

(αδ)
k
xT ,t+k,
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+ (1− αδ)
∞X
k=0

(αδ)k xP+k,t + (1− αδ)
∞X
k=0

(αδ)kmcH,t+k,

= αδπH,t+1 − (1− αδ) xH,t − (1− αδ) xT,t + (1− αδ) xP,t,
+ (1− αδ)mcH,t + αδx̃H,t+1. (C.14)

Log-linearizing the first equality of Eq.(A.13), we have:

x̃H,t =
α

1− απH,t. (C.15)

Combining Eqs.(C.14) and (C.15) yields:

πH,t = δπH,t+1 − κxH,t − κxT,t + κxP,t + κmcH,t,

= δπH,t+1 + (1− γ)κpN ,t − (1− γ)κpH,t + κmcH,t.

Taking the conditional expectation at t, the second equality can be rewritten
as:

πH,t = δEtπH,t+1 + κ (1− γ) pN ,t − κ (1− γ) pH,t + κmcH,t. (C.16)

Similar to Eq.(C.16), the log-linearized second equality of Eq.(A.14) is given by:

πN ,t = δEtπN,t+1 − κγpN ,t + κγpH,t + κmcN ,t. (C.17)

Other FONCs for firms can be log-linearized similarly.
Substituting Eqs.(C.17) and (C.16) into Eq.(C.5), we have a PPI-based in-

flation dynamics equation as follows:

πP,t = δEtπP,t+1 + κmct, (C.18)

where we use mct = γmcH,t + (1− γ)mcN ,t which is derived by log-linearizing
the definition of country-wide marginal cost.

Combining Eq.(C.17) and its counterpart for country F , the nontradables
inflation differential is given by:

πRN ,t = δEtπ
R
N,t+1 + κγnt − κγtt + κmcRN ,t, (C.19)

with

πRN ,t ≡ − (nt − nt−1) , (C.20)

being relative nontradables inflation.
By log-linearizing the first equalities in Eq.(A.12) and combining it with

Eq.(C.6), we have:

yt = γaH,t + (1− γ) aN ,t + nt, (C.21)

where we also use the log-linearized definition of hours of work, nt = γnH,t +
(1− γ)nN ,t.
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Combining log-linearized Eq.(A.17), and Eqs.(C.9) and (C.21), we have:

mcH,t =
λ

1− σG
yt −

ψ

2
nt − (1 + ϕγ) aH,t − (1− γ)ϕaN ,t −

σG
1− σG

gt,

mcN ,t =
λ

1− σG
yt −

ψ

2
nt − ϕγaH,t − [1 + (1− γ)ϕ] aN ,t −

σG
1− σG

gt.

(C.22)

Substituting Eq.(C.22) into the log-linearized definition of the marginal cost
mct = γmcH,t + (1− γ)mcN ,t, we have:

mct =
λ

1− σG
yt −

ψ

2
nt − (1 + ϕ) γaH,t − (1 + ϕ) (1− γ) aN ,t −

σG
1− σG

gt.

(C.23)

Combining the second equality in Eq.(C.22) and its counterpart for country
F , the logarithmic marginal cost differential associated with nontradables is
given by:

mcRN ,t =
λ

1− σG
yRt − ψnt − ϕγaH,t + ϕγaF,t − [1 + (1− γ)ϕ] aN ,t,

+ [1 + (1− γ)ϕ] a∗N ,t −
σG

1− σG
gRt . (C.24)

C.3 Marginal Cost and Output Gap

Following Gali[18], we define the relationship between output, its natural level
and the output gap as:

yt ≡ ȳt + ỹt, (C.25)

where ỹt denotes the logarithmic output gap measured from its natural level, and
ȳt denotes the logarithmic natural output level. Under the long-run equilibrium,
ỹt = 0 must hold.

31

When the fiscal authorities design their policies to reduce the distortion
generated by monopolistically competitive markets, real marginal costs under
the long-run equilibrium are constant, and their logarithm is given by mct =
0. In addition, under the long-run equilibrium, PPP is applied.32 Thus, the
logarithmic NPD under the long-run equilibrium is given by nt = 0.

Combining these facts, Eq.(C.23) implies that:

ȳt = β̄γaH,t + β̄ (1− γ) aN ,t +
σG
λ
gt. (C.26)

Combining Eqs.(C.12), (C.13), (C.25) and (C.26) can be rewritten as:

ỹWt =
βW
1− σG

Etỹ
W
t+1 − βW r̂t + βWEtπ

W
t+1 +

βW
δ
r̂t−1 − βW bWt +

βW
δ
bWt−1,

31Following Gali[18], nominal rigidities disappear in the long-run equilibrium.
32Following Gali[18], we assume a steady state where PPP is applied.

42



− βW
δ
πWt −

γβ̄βT
2

aH,t −
(1− γ) β̄βN

2
aN ,t −

γβ̄βT
2

aF,t,

− (1− γ) β̄βN
2

a∗N ,t + σGςW g
W
t , (C.27)

ỹRt = −βRδbRt + βR (1− γ) υnt − βR (1− γ) nt−1 + βRb
R
t−1 − β̄γaH,t,

+ β̄γaF,t − β̄ (1− γ) aN ,t + β̄ (1− γ) a∗N ,t + ςRσGg
R
t , (C.28)

which are Eqs.(13) and (14) in the text, respectively.
Combining Eqs.(C.18), (C.23), (C.25) and (C.26) we have:

πP,t = δEtπP,t+1 +
κλ

1− σG
ỹt −

ψκ

2
nt, (C.29)

which is Eq.(15) in the text. Similar to Eq.(C.29), we have the counterpart of
Eq.(C.29) in country F .

C.4 NKRD

Combining Eqs.(C.19), (C.23), (C.25) and (C.26), we have:

πRN ,t = δEtπ
R
N,t+1 + κϕỹRt + κnt − κϕγ

¡
1− β̄

¢
aH,t + κϕγ

¡
1− β̄

¢
aF,t,

− κ
£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
aN ,t + κ

£
1 + ϕ (1− γ)

¡
1− β̄

¢¤
a∗N ,t,

− κσG
1− σG

³
1− ϕ

λ

´
gRt , (C.30)

which is Eq.(16) in the text.

D Welfare Criterion

Following Gali and Monacelli[18], Gali[17] and Benigno and Woodford[10], we
show the derivation of the welfare criterion in the text based on the second-
order approximated utility function of Eq.(A.1) in the present appendix. η = 1
is assumed through the present appendix.

This section consists of four subsections. Subsection D.1 presents the second-
order Taylor expansion of the utility function. Subsection D.2 presents the
second-order approximation of the FONCs for firms. Subsection D.3 eliminates
the linear term and completes the derivation of the welfare criterion. Subsection
D.4 discusses other details regarding the coefficients and the NKPC in terms of
the welfare-relevant output gap.

D.1 Step 1: The Second-order Taylor Expansion of the
Utility Function

The second-order Taylor expansion of the period utility function in Eq.(1) in
the text is given by:

Ut − U
UCC

= C−1
∙
C

µ
ct +

1

2
c2t

¶
+
1

2

UCC
UC

C2c2t −
UN
UC

N

µ
nt +

1

2
n2t

¶
+
1

2

UNN
UC

N2n2t

¸
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+ o
³
kξk3

´
= ct +

1

2
c2t +

1

2

UCC
UC

Cc2t −
UN
UC

N

C

µ
nt +

1

2
n2t

¶
+
UNN
UC

N2

C
n2t

+ o
³
kξk3

´
(D.1)

where we assume that utility is separable by consumption and hours of work, i.e.,
UCN = 0. Plugging UC = C

−1, UCC = −C−2, UN = Nϕ and UNN = ϕNϕ−1

into Eq.(D.1), we have:

Ut − U
UCC

= ct −
UNN

UCC

µ
nt +

1 + ϕ

2
n2t

¶
+ o

³
kξk3

´
= Φ

N

C
nt + ct −

N

C

∙
nt +

1 + ϕ

2
(1 + Φ)n2t

¸
+ o

³
kξk3

´
, (D.2)

where we use the fact that 1− Φ = 1−τ
ζ and Eq.(B.9).

Likewise, we have:

U∗t − U
UCC

= Φ
N

C
n∗t + c

∗
t −

N

C

∙
n∗t +

1 + ϕ

2
(1 + Φ) (n∗t )

2

¸
+ o

³
kξk3

´
. (D.3)

Eq.(A.12) can be rewritten as:

NH,t =
YH,tDH,t
AN ,t

NN ,t =
YN ,tDN ,t
AN ,t

,

with DH,t ≡
R 1
0

³
PH,t(h)
PH,t

´−θ
dh and DN ,t ≡

R 1
0

³
PN ,t(h)
PN ,t

´−θ
dh where we use the

fact that

R 1

0
YH,t(h)dh

YH,t
= DH,t and

R 1

0
YN ,t(h)dh

YN ,t
= DN ,t.

Log-linearizing these equalities, we obtain:

nH,t = yH,t + dH,t + t.i.p, ; nN ,t = yN ,t + dN ,t + t.i.p.

Combining these equalities with Eq.(C.6) and the log-linearized definition of
country level hours of work, nt = γnH,t + (1− γ)nN ,t yields:

nt = yt + γdH,t + (1− γ) dN,t + t.i.p. (D.4)

Let PP,t (h) ≡ PH,t(h)YH,t(h)+PN ,t(h)YN ,t(h)
YH,t(h)+YN ,t(h)

and P ∗P,t (f) ≡
PF,t(f)YF,t(f)+P

∗
N ,t(f)Y

∗
N ,t(f)

YF,t(h)+Y ∗N ,t
(h) .

These yield pP,t (h) = γpH,t+(1− γ) pN ,t (h) and p∗P,t (f) = γpf,t+(1− γ) p∗N ,t (f)
by log-linearizing. Taking these equalities, Eq.(D.4) can be rewritten as:

nt = yt + γ ln Eh

µ
PH,t (h)

PH,t

¶−θ
+ (1− γ) lnEh

µ
PN ,t (h)
PN ,t

¶−θ
+ t.i.p,

= yt − θEh
∙
γ ln

µ
PH,t (h)

PH,t

¶
+ ln (1− γ)

µ
PN ,t (h)
PN ,t

¶¸
+ t.i.p,
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= yt − θEh [γ (pH,t (h)− pH,t) + (1− γ) (pN ,t (h)− pN ,t)] + at,

= yt − θ ln Eh
µ
PP,t (h)

PP,t

¶
+ t.i.p,

= yt + ln

Z 1

0

µ
PP,t (h)

PP,t

¶−θ
dh+ t.i.p,

= yt + dt + t.i.p, (D.5)

with Dt ≡
R 1
0

³
PP,t(h)
PP,t

´−θ
dh. Likewise, we have:

n∗t = y
∗
t + d

∗
t + t.i.p. (D.6)

Substituting Eqs.(D.5) and (D.6) into Eqs.(D.2) and (D.3), we have:

Ut − U
UCC

=
Φ

1− σG
yt + ct −

1

1− σG

∙
yt + (1 + Φ) dt +

(1 + ϕ) (1 + Φ)

2

¡
y2t − 2ytat

¢¸
,

+ t.i.p. + o
³
kξk3

´
,

U∗t − U
UCC

=
Φ

1− σG
y∗t + c

∗
t −

1

1− σG

½
y∗t + (1 + Φ) d

∗
t +

(1 + ϕ) (1 + Φ)

2

h
(y∗t )

2 − 2y∗t a∗t
i¾
,

+ t.i.p. + o
³
kξk3

´
, (D.7)

with at ≡ γaH,t + (1− γ) aN ,t and a∗t ≡ γaF,t + (1− γ) a∗N ,t where we use the
fact that N

C = (1− σG)
−1 because N = Y .

Combining Eqs.(C.1), (C.2), (C.9) and (C.10), we have:

ct =
1

1− σG
yt +

1

1− σG
y∗t − c∗t +

2σG
1− σG

gWt .

Combining Eq.(D.7) and this equality yields:

UWt − U
UCC

=
Φ

1− σG
yWt −

1

(1− σG) 2

½
(1 + Φ) (dt + d

∗
t ) +

(1 + ϕ) (1 + Φ)

2

£
y2t ,

−2ytat + (y∗t )2 − 2y∗t a∗t
io
+ t.i.p. + o

³
kξk3

´
. (D.8)

Let p̂P,t (h) ≡ pP,t (h) − pP,t. As derived by Gali and Monacelli[18], note
that:µ

PP,t (h)

PP,t

¶1−θ
= exp [(1− θ) p̂P,t (h)] ,

= 1− (1− θ) p̂P,t (h) +
(1− θ)2
2

p̂P,t (h) + o
¡
kξk3

¢
.(D.9)

In the symmetric equilibrium, we have
PP,t(h)
PP,t

= 1. This implies:

Eh

µ
PP,t (h)

PP,t

¶1−θ
= 1. (D.10)
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Combining Eqs.(D.9) and (D.10), we have:

Ehp̂P,t (h) =
θ − 1
2
Ehp̂P,t (h)

2
. (D.11)

In addition, the second-order approximation to
³
PP,t(h)
PP,t

´−θ
yields:

µ
PP,t (h)

PP,t

¶−θ
= 1− θp̂P,t (h) +

θ2

2
p̂P,t (h)

2 + o
¡
kξk3

¢
.

This equality implies:

Dt = 1− θEhp̂P,t (h) +
θ2

2
Ehp̂P,t (h)

2
+ o

¡
kξk3

¢
.

Substituting Eq.(D.11) into this equality, we have:

Dt = 1 +
θ

2
Ehp̂P,t (h)

2
+ o

¡
kξk3

¢
= 1 +

θ

2
varh (p̂P,t (h)) + o

¡
kξk3

¢
.

This equality implies:

dt =
θ

2
varh (pP,t (h)) + o

³
kξk3

´
, (D.12)

which clearly corresponds to the equality derived by Gali and Monacelli[18].
Lemma 1

∞X
t=0

δtvarh (pP,t (h)) =
1

κ

∞X
t=0

δtπ2P,t

Proof : See Woodford[35], p 399—400.
Substituting Lemma 1, Eqs.(D.12) and (D.8) into the definition of welfare

in the text, we have:

WW = E0

∞X
t=0

δt
∙

Φ

1− σG
ỹWt −

(1 + Φ) θ

(1− σG) 4
π2P,t −

(1 + Φ) θ

(1− σG) 4
¡
π∗P,t

¢2
− (1 + ϕ) (1 + Φ)

(1− σG) 4
(yt − at)2 −

(1 + ϕ) (1 + Φ)

(1− σG) 4
(y∗t − a∗t )2

¸
+ t.i.p. + o

³
kξk3

´
. (D.13)

Note that E0
P∞

k=0 δ
t U

W
t −U
UCC

=WW because UCC = 1 and U = U
∗.
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D.2 Step 2: The Second-order Approximation of the FONCs
for Firms

Substituting the first and the second equalities in Eq.(B.1) into the first and
the second equalities in Eq.(A.13), we have:

1

1− α
³
1− αΠθ−1H,t

´
=

µ
FH,t
KH,t

¶θ−1
1

1− α
³
1− αΠθ−1N ,t

´
=

µ
FN ,t
KN ,t

¶θ−1
(D.14)

Taking logarithms on both sides in Eq.(D.14), we have:

− log
µ

1

1− α −
α

1− αΠ
θ−1
H,t

¶
= (θ − 1) (logKH,t − logFH,t)

− log
µ

1

1− α −
α

1− αΠ
θ−1
N ,t

¶
= (θ − 1) (logKN ,t − logFN ,t) (D.15)

The first-order approximation of the LHS in Eq.(D.15) is given by:

− log
µ

1

1− α −
α

1− αΠ
θ−1
H,t

¶
=

(θ − 1)α
1− α πH,t + o

³
kξk2

´
− log

µ
1

1− α −
α

1− αΠ
θ−1
N ,t

¶
=

(θ − 1)α
1− α πN ,t + o

³
kξk2

´
(D.16)

A weighted average of the two equalities in Eq.(D.16) is given by:

(θ − 1)α
1− α γπH,t +

(θ − 1)α
1− α (1− γ) πN ,t =

(θ − 1)α
1− α πP,t,

where we use Eq.(C.5). The second-order approximation of the RHS of this
equality yields:

(θ − 1)α
1− α πP,t =

(θ − 1)α
1− α

πP,t +
(θ − 1)α3
(1− α) 4 π

2
P,t + o

³
kξk3

´
.

Combining this equality and Eq.(D.15), we have:

(θ − 1)α
1− α πP,t +

(θ − 1)α3
(1− α) 4 π

2
P,t = (θ − 1) (kt − ft) + o

³
kξk3

´
, (D.17)

with kt ≡ γkH,t + (1− γ) kN ,t and ft ≡ γfH,t + (1− γ) fN ,t where we use the
fact that K = F . Note that KH,t, KN ,t, FH,t and FN ,t are

³
kξk2

´
.

Log-linearizing the first and the second equality in the LHS in Eq.(B.2) and
combining them, we have:

kt = k̃t −
θα

1− απP,t, (D.18)
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with k̃t ≡ (1− αδ) Et
P∞

k=0 (αδ)
k
k̃t,t+k and k̃t,t+k ≡ (1 + ϕ) yt+k− (1+ϕ)σGλ at+k+

(1+ϕ)σG
λ gt+k + θ

Pk
s=1 πP,t+s.

Log-linearizing the first and the second equality on the RHS in Eq.(B.2) and
combining them, we have:

ft = f̃t −
θα

1− απP,t, (D.19)

with f̃t ≡ (1− αδ) Et
P∞

k=0 (αδ)
k f̃t,t+k and f̃t,t+k ≡ − σG

1−σG yt+k−
(1+ϕ)σG

λ
at+k+

(1+ϕ)σG
λ gt+k + (θ − 1)

Pk
s=1 πP,t+s.

Subtracting Eq.(D.19) from Eq.(D.18) yields:

kt − ft = k̃t − f̃t. (D.20)

Substituting Eq.(D.20) into Eq.(D.17) yields:

(θ − 1)α
1− α πP,t +

(θ − 1)α3
(1− α) 4 π

2
P,t = (θ − 1)

³
k̃t − f̃t

´
+ o

³
kξk3

´
. (D.21)

An arbitrary variable Vt can be approximated as:

Vt = elnVt

= elnV + elnV (lnVt − lnV ) +
1

2
elnV (lnVt − lnV )2 + o

³
kξk3

´
= V

µ
1 + vt +

1

2
v2t

¶
+ o

³
kξk3

´
.

Thus, we have the second-order approximation of k̃t and f̃t as follows:

k̃t = k̃t +
1

2
k̃2t

= (1− αδ) Et
∞X
k=0

(αδ)
k

µ
k̃t,t+k +

1

2
k̃2t,t+k

¶
(D.22)

f̃t = f̃t +
1

2
f̃2t

= (1− αδ) Et
∞X
k=0

(αδ)k
µ
f̃t,t+k +

1

2
f̃2t,t+k

¶
(D.23)

Subtracting Eq.(D.23) from Eq.(D.22) yields:

k̃t − f̃t = (1− αδ) Et
∞X
k=0

(αδ)k
∙³
k̃t,t+k − f̃t,t+k

´
+
1

2

³
k̃2t,t+k − f̃2t,t+k

´¸
− (1− αδ)α
2 (1− α) πP,tZt + o

³
kξk3

´
(D.24)
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with

Zt ≡ Et
∞X
k=0

(αδ)k
³
k̃t,t+k + f̃t,t+k

´
. (D.25)

The first term on the RHS in Eq.(D.24) can be rewritten as:

Et

∞X
k=0

(αδ)k
³
k̃t,t+k − f̃t,t+k

´
= Et

∞X
k=0

(αδ)k
λ

1− σG
ỹt+k +

1

1− αδPP,t (D.26)

with PP,t ≡ Et
P∞

k=0 (αδ)
k
πP,t+k.

The second term on the RHS in Eq.(D.24) can be rewritten as:

1

2
Et

∞X
k=0

(αδ)k
³
k̃2t,t+k − f̃2t,t+k

´
=

1

2
Et

∞X
k=0

(αδ)k
³fkk2t,t+k − fff2t,t+k´

+ Et

∞X
k=0

(αδ)
k

kX
s=1

πP,t+k

h
θfkkt,t+k − (θ − 1)fff t,t+ki

+
1

2
Et

∞X
k=0

(αδ)k
Ã

kX
s=1

πP,t+s

!2 h
θ2 − (θ − 1)2

i
(D.27)

with

fkkt,t+k ≡ (1 + ϕ) ỹt+k −
σG (1 + ϕ)

λ
at+k +

σG (1 + ϕ)

λ
gt+k,

fff t,t+k ≡ − σG
1− σG

ỹt+k −
σG (1 + ϕ)

λ
at+k +

σG (1 + ϕ)

λ
gt+k. (D.28)

The last term on the RHS in Eq.(D.27) can be rewritten as:

1

2
Et

∞X
k=0

(αδ)
k

Ã
kX
s=1

πP,t+s

!2 h
θ2 − (θ − 1)2

i
=

2θ − 1
(1− αδ) 2Et

∞X
k=0

(αδ)
k
πP,t+k (πP,t+k + 2PP,t+k) .

(D.29)

Furthermore, the second term on the RHS in Eq.(D.29) can be rewritten as:

Et

∞X
k=0

(αδ)
k

kX
s=1

πP,t+s

h
θfkkt,t+k − (θ − 1)fff t,t+ki = Et ∞X

k=0

(αδ)
k
πP,t+kJt+k,

(D.30)

with

Jt ≡ Et
∞X
k=0

(αδ)
k
h
θfkkt,t+k − (θ − 1)fff t,t+ki . (D.31)
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Substituting Eqs.(D.29) and (D.30) into Eq.(D.28) yields:

1

2
Et

∞X
k=0

(αδ)k
³
k̃2t,t+k − f̃2t,t+k

´
=

1

2
Et

∞X
k=0

(αδ)k
³fkk2t,t+k − fff2t,t+k´

+ Et

∞X
k=0

(αδ)k πP,t+kJt+k (D.32)

+
2θ − 1

(1− αδ) 2Et
∞X
k=0

(αδ)k πP,t+k (πP,t+k + 2PP,t+k) .

Substituting Eqs.(D.25) and (D.31) into Eq.(D.24), we have:

k̃t − f̃t = Et

∞X
k=0

(αδ)k
½
(1− αδ)

∙³fkkt,t+k − fff t,t+k´+ 12 ³fkk2t,t+k − fff2t,t+k´
¸¾

+ Et

∞X
k=1

(αδ)
k
πP,t+k + (1− αδ) Et

∞X
k=0

(αδ)
k
πP,t+kJt+k

+
2θ − 1
2

Et

∞X
k=0

(αδ)
k
(πP,t+k + 2PP,t+k)−

(1− αδ)α
2 (1− α) πP,tZt + o

³
kξk3

´
.

(D.33)

Substituting Eq.(D.21) into Eq.(D.33) to eliminate the term k̃t − f̃t in the
LHS in Eq.(D.32) yields:

πP,t +
3

4
π2P,t +

1− αδ
2

πP,tZt = κ
³fkkt,t+k − fff t,t+k´+ (1− α) (1− αδ)2α

³fkk2t,t+k − fff2t,t+k´
+ (1− α) δEtπP,t+1 + (1− α) (1− αδ) EtπP,t+1Jt+1

+
(1− α) (2θ − 1)

2
δEtπP,t+1 (πP,t+1 + 2PP,t+1)

+ αδEt

µ
πP,t+1 +

3

4
π2P,t+1 +

1− αδ
2

πP,t+1Zt+1

¶
+ o

³
kξk3

´
. (D.34)

Eq.(D.31) can be rewritten as:

Jt =
1

2
Et

∞X
k=0

(αδ)
k
hfkkt,t+k − fff t,t+k + (2θ − 1)³fkkt,t+k − fff t,t+k´i .(D.35)

Substituting Eqs.(D.18), (D.19) and (D.28) into Eq.(D.25), we have:

Et

∞X
k=0

(αδ)
k
³fkkt,t+k − fff t,t+k´ = Zt − 2θ − 11− αδPP,t. (D.36)
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Substituting Eq.(D.28) into Eq.(D.26) yields:

Et

∞X
k=0

(αδ)
k
³fkkt,t+k − fff t,t+k´ = Et

∞X
k=0

(αδ)
k
³
k̃t,t+k − f̃t,t+k

´
− 1

1− αδPP,t, (D.37)

where we use the fact that

fkkt,t − fff t,t = λ

1− σG
ỹt. (D.38)

Substituting Eqs.(D.36) and (D.37) into Eq.(D.35) yields:

Jt =
1

2
Et

∞X
k=0

(αδ)
k

∙
Zt + (2θ − 1)

³
k̃t,t+k − f̃t,t+k

´
− 2 (θ − 1)

1− αδ PP,t
¸
. (D.39)

In the first order, Eq.(D.21) can be rewritten as:

πP,t = κEt

∞X
k=0

(αδ)
k
³
k̃t,t+k − f̃t,t+k

´
+ o

³
kξk2

´
.

Substituting this equality into Eq.(D.39), we have:

Jt =
1

2
Zt +

α (2θ − 1)
2κ

πP,t −
2θ − 1
1− αδPP,t.

Substituting this equality into Eq.(D.34) yields:

πP,t +
3

4
π2P,t +

1− αδ
2

πP,tZt = κ

∙fkkt,t − fff t,t + 12 ³fkk2t,t − fff2t,t´
¸

+ δEtπP,t+1 +
(1− αδ) δ

2
EtπP,t+1Zt+1

+
3δ

4
Etπ

2
P,t+1 +

δΘ

4
Etπ

2
P,t+1

+ o
³
kξk3

´
.

Adding Θ
4 π

2
P,t to both sides in this equality, we have:

Mt = κ

∙fkkt,t − fff t,t + 12 ³fkk2t,t − fff2t,t´
¸
+ δEtMt+1 +

Θ

4
π2P,t, (D.40)

with Mt ≡ πP,t +
3
4π

2
P,t +

1−αδ
2 πP,tZt +

Θ
4 π

2
P,t. Substituting Eq.(D.38) into

Eq.(D.40), we have:

πP,t = δπP,t+1 +
λ

1− σG
ỹt + o

³
kξk2

´
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in the first order. Thus, Eq.(D.40) corresponds to the second-order approxi-
mated NKPC in Benigno and Woodford[10]. Iterating Eq.(D.40) forward, we
have:

M = κE0

∞X
t=0

δt
∙fkkt,t − fff t,t + 12 ³fkk2t,t − fff2t,t´

¸
+ E0

∞X
t=0

δt
Θ

4
π2P,t, (D.41)

withM ≡M0 where we take an expectation in period zero.
Eq.(D.28) implies:

fkk2t,t − fff2t,t = ω̃1ỹ
2
t −

2σG (1 + ϕ)

(1− σG)λ
ỹtat +

2σG (1 + ϕ)

(1− σG)λ
ỹtgt + t.i.p.

= ω̃1

h
yt − ω̃4ω̃2at −

σG
λ
ω̃3gt

i2
,

with ω̃1 ≡ ς
(1−σG)2 , ω̃2 ≡ 1 +

σG
ς , ω̃3 ≡ 1 −

(1−σG)(1+ϕ)
ς and ω̃4 ≡ (1−σG)(1+ϕ)

λ .

Substituting this equality and Eq.(D.38) into Eq.(D.41), we have:

M = κE0

∞X
t=0

δt
½

λ

1− σG
ỹt +

ω̃1
2

h
yt − ω̃4ω̃2at −

σG
λ
ω̃3gt

i2
+
Θ

4
π2P,t

¾
+ t.i.p. + o

³
kξk3

´
. (D.42)

The counterpart of Eq.(D.42) in country F is derived similarly as:

M∗ = κE0

∞X
t=0

δt
½

λ

1− σG
ỹ∗t +

ω̃1
2

h
y∗t − ω̃4ω̃2a∗t −

σG
λ
ω̃3g
∗
t

i2
+
Θ

4

¡
π∗P,t

¢2¾
+ t.i.p. + o

³
kξk3

´
.

Combining this equality and Eq.(D.42) yields:

MW = κE0

∞X
t=0

δt
½

λ

1− σG
ỹWt +

ω̃1
4

∙³
yt − ω̃4ω̃2at −

σG
λ
ω̃3gt

´2
+ (y∗t

−ω̃4ω̃2a∗t −
σG
λ
ω̃3g
∗
t

´2¸
+
Θ

8

h
π2P,t +

¡
π∗P,t

¢2i¾
+ t.i.p. + o

³
kξk3

´
. (D.43)

D.3 Step 3: Elimination of the Linear Term and Complet-
ing the Derivation

Multiplying Φ by both sides in Eq.(D.43), and subtracting this from Eq.(D.13),
we have:

WW − ΦMW = E0

∞X
t=0

δt
½

1

(1− σG) 4
[(1 + ϕ) (1 + Φ) + κΦω̃1]

h
y2t + (y

∗
t )
2
i
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− (1 + ϕ)

∙
2κΦ (1− σG)

λ
ω̃2 +

1 + Φ

(1− σG) 2

¸
(ytat + y

∗
t a
∗
t )

− 2κΦσG
λ

ω̃3 (ytgt + y
∗
t g
∗
t ) +

1

4

∙
(1 + Φ) θ

(1− σG)κ
+
ΦΘ

2

¸ h
π2P,t +

¡
π∗P,t

¢2i
+
Φ (1− κλ)
1− σG

ỹWt

¾
+ t.i.p. + o

³
kξk3

´
.

Rearranging this equality, we have:

WW = −E0
∞X
t=0

δt
½

1

(1− σG) 4
[(1 + ϕ) (1 + Φ) + κΦω̃1]

h
y2t + (y

∗
t )
2
i

− (1 + ϕ)

∙
2κΦ (1− σG)

λ
ω̃2 +

1 + Φ

(1− σG) 2

¸
(ytat + y

∗
t a
∗
t )

−2κΦσG
λ

ω̃3 (ytgt + y
∗
t g
∗
t ) +

1

4

∙
(1 + Φ) θ

(1− σG)κ
+
ΦΘ

2

¸ h
π2P,t +

¡
π∗P,t

¢2i¾
+ E0

∞X
t=0

δt
Φ (1− κλ)
1− σG

ỹWt + ΦMW + t.i.p. + o
³
kξk3

´
. (D.44)

Note thatMW = E0
P∞

t=0 δ
t κλ
1−σG y

W
t + o

³
kξk2

´
because of Eq.(D.43). Thus,

the second and the third terms in Eq.(D.44) can be rewritten as:

E0

∞X
t=0

δt
Φ (1− κλ)
1− σG

ỹWt + ΦMW = Et

∞X
k=0

δk
Φ (1− κλ)
1− σG

ỹWt + ΦMW +
Φ

κλ
MW − Φ

κλ
MW

= E0

∞X
t=0

δt
Φ (1− κλ)
1− σG

ỹWt − Φ
µ
1

κλ
− 1

¶
MW +

Φ

κλ
MW

=
Φ

κλ
MW

= Γ0. (D.45)

We use this fact to derive the above equality as follows:

πWP,0 = E0

∞X
t=0

δt
κλ

1− σG
yWt + o

³
kξk2

´
,

= MW ,

which can be derived by iterating the second-order approximated period FONCs

for firms, namely, πP,t = δEtπP,t+1 +
λ

1−σG ỹt + o
³
kξk2

´
.

Substituting Eq.(D.45) into Eq.(D.44) and rearranging, we have:

WW = −E0
∞X
t=0

δt
½

1

(1− σG) 4
ω1

h
y2t + (y

∗
t )
2
i
− ω2 (ytat + y

∗
t a
∗
t ) ,

−ω3 (ytgt + y∗t g∗t ) +
1

4
ω4

h
π2P,t +

¡
π∗P,t

¢2i¾
+ Γ0 + t.i.p. + o

³
kξk3

´
,
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with ω1 ≡ (1 + ϕ) (1 + Φ)+ κΦω̃1, ω2 ≡ (1 + ϕ)
h
2κΦ(1−σG)ω̃2

λ + 1+Φ
(1−σG)2

i
, ω3 ≡

2κΦσGω̃3
λ and ω4 ≡ (1+Φ)θ

(1−σG)κ +
ΦΘ
2 . As shown in this equality, the linear term

disappears. By arranging this equality, we have:

WW = −1
2
E0

∞X
t=0

δt
∙
Λy
2
ŷ2t +

Λy
2
(ŷ∗t )

2
+
Λπ
2
π2P,t +

Λπ
2

¡
π∗P,t

¢2¸
+ Γ0 + t.i.p.

+ o
³
kξk3

´
,

which corresponds to the second-order approximated welfare function in the
text.

D.4 Other Details on Coefficients and the NKPC in Terms
of the Welfare-relevant Output Gap

Note that complicated coefficients associated with the target level of output are
as follows:

Ω1 ≡
(1− σG) (1 + ϕ)

h
4κΦ (1− σG)

2 (ς + σG) + λς (1 + Φ)
i

(χ+ κΦ+ ς)λς

Ω2 ≡ (1− σG)2 4κΦσG [ς − (1− σG) (1 + ϕ)]

(χ+ κΦς)λς
.

The NKPCs in terms of the welfare-relevant output gap are different to the
NKPCs in terms of the output gap. Eq.(38) can be rewritten as:

πP,t = δEtπP,t+1 +
κλ

1− σG
ỹt

= δEtπP,t+1 +
κλ

1− σG
(ŷt + y

e
t − ȳt)

= δEtπP,t+1 +
κλ

1− σG
ŷt +

κλ

1− σG
¡
Ω1 − β̄

¢
at +

κλ

1− σG
³
Ω2 −

σG
λ

´
gt

= δEtπP,t+1 +
κλ

1− σG
ŷt + κ (1 + ϕ)Ω3at + κσGΩ4gt

= δEtπP,t+1 +
κλ

1− σG
ŷt + εt, (D.46)

with Ω3 ≡ 4κΦ(1−σG)2(ς+σG)+λς(1+Φ)
(χ+κΦ+ς)ς and Ω4 ≡ (1−σG)4κΦ[ς−(1−σG)(1+ϕ])

(χ+κΦ+ς)ς − 1
1−σG .

This equality corresponds to Eq.(21) in the text.
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E Lagrangian and its FONCs

E.1 Optimal Monetary Policy Alone

The Lagrangian is given by:

$ = E0

( ∞X
t=0

δt
∙
LWt + μ1,t

µ
ỹWt −

βW
1− σG

ỹWt+1 + βW r̂t − βWπWt+1 −
βW
δ
r̂t−1

+
βW
δ
πWt + βW b

W
t

¶
+ μ2,t

£
ỹRt − βR (1− γ) υnt + βR (1− γ) nt−1

¤
+ μ3,t

µ
πP,t − δπP,t+1 −

κλ

1− σG
ỹt

¶
+ μ4,t

µ
π∗P,t − δπ∗P,t+1 −

κλ

1− σG
ỹ∗t

¶
+μ5,t

µ
nt −

δ

1 + δ + κ
nt+1 +

κϕ

1 + δ + κ
ỹRt −

1

1 + δ + κ
nt−1

¶¸¾
,

because bt = b
∗
t = 0 for all t.

The FONCs are as follows:

Λπ
2
πP,t +

βW
2δ

(μ1,t − μ1,t−1) + (μ3,t − μ3,t−1) = 0

Λπ
2
π∗P,t +

βW
2δ

(μ1,t − μ1,t−1) + (μ4,t − μ4,t−1) = 0

Λy
2
ŷt +

1

2
μ1,t + μ2,t −

λκ

(1− σG)
μ3,t +

κϕ

1 + δ + κ
μ5,t

− βW
(1− σG) 2δ

μ1,t−1 = 0

Λy
2
ỹ∗t +

1

2
μ1,t − μ2,t −

λκ

(1− σG)
μ4,t −

κϕ

1 + δ + κ
μ5,t

− βW
(1− σG) 2δ

μ1,t−1 = 0

−βR (1− γ) υμ2,t − μ5,t −
1

1 + δ + κ
μ5,t−1 = 0

μ1,t = 0 (E.1)

Note that the fifth equality in Eq.(E.1) corresponds to the second equality in
Eq.(24) in the text. Because of commitment, a lagged Lagrangian multiplier
appears.

Combining the first to the fourth and the sixth equalities in Eq.(E.1), we
have:

Λππ
W
t + (μ3,t − μ3,t−1) + (μ4,t − μ4,t−1) = 0,

1 + ϕ

1− σG
ŷWt −

κλ

(1− σG) 2
μ3,t −

κλ

(1− σG) 2
μ4,t = 0. (E.2)

Combining both equalities in Eq.(E.2) yields:

πWt = −Λy (1− σG)
Λπκλ

¡
ŷWt − ŷWt−1

¢
,
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which is Eq.(22) in the text.
Combining the first to the fourth and the sixth equalities in Eq.(E.1), we

have:

Λπ
2
πRP,t + (μ3,t − μ3,t−1)− (μ4,t − μ4,t−1) = 0,

Λy
2
ŷRt + μ2,t −

κλ

1− σG
μ3,t +

κλ

1− σG
μ4,t +

2κϕ

1 + δ + κ
μ5,t = 0. (E.3)

Combining both equalities in Eq.(E.3) yields:

πRP,t = −Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
− 2 (1− σG)

Λπκλ
(μ2,t − μ2,t−1)

− (1− σG) 4κϕ
Λπκλ (1 + δ + κ)

(μ5,t − μ5,t−1) , (E.4)

which is the first equality in Eq.(24) in the text.

E.2 Optimal Monetary and Fiscal Policy

The Lagrangian is given by:

$ = E0

( ∞X
t=0

δt
∙
LWt + μ1,t

µ
ỹWt −

βW
1− σG

ỹWt+1 + βW r̂t − βWπWt+1 −
βW
δ
r̂t−1

+
βW
δ
πWt + βW b

W
t −

βW
δ
bWt−1

¶
+ μ2,t

£
ỹRt + βRδb

R
t − βR (1− γ) υnt

+βR (1− γ) nt−1] + μ3,t

µ
πP,t − δπP,t+1 −

κλ

1− σG
ỹt

¶
+ μ4,t

¡
π∗P,t

−δπ∗P,t+1 −
κλ

1− σG
ỹ∗t

¶
+ μ5,t

µ
nt −

δ

1 + δ + κ
nt+1 +

κϕ

1 + δ + κ
ỹRt

− 1

1 + δ + κ
nt−1

¶¸¾
.

The FONCs of the Lagrangian are given by Eq.(E.1) and the following equal-
ities:

βW
2
μ1,t + βRδμ2,t = 0,

βW
2
μ1,t − βRδμ2,t = 0. (E.5)

Combining both equalities in Eq.(E.5), we have:

μ2,t = 0. (E.6)

Substituting Eq.(E.6) into Eq.(E.4), we have:

πRP,t = −
Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
− (1− σG) 4κϕ
Λπκλ (1 + δ + κ)

(μ5,t − μ5,t−1) . (E.7)
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Substituting Eq.(E.6) and the initial condition μ5,−1 = 0 into the fifth equal-
ity in Eq.(E.1), we have:

μ5,t = 0. (E.8)

Substituting Eq.(E.8) into Eq.(E.7) yields:

πRP,t = −
Λy (1− σG)
Λπκλ

¡
ŷRt − ŷRt−1

¢
,

which is Eq.(25) in the text.

F Derivation of Social Loss

Using the stable roots obtained by analyzing the determinacy, this section cal-
culates social loss analytically.33 We assume that the model includes the price
shocks that forbid the central bank from being able to stabilize inflation and
the output gap simultaneously.

Similar to Eq.(D.46), we have the NKPC in terms of the welfare-relevant
output gap in country F as follows:

π∗P,t = δEtπP,t+1 +
κλ

1− σG
ŷ∗t + ε∗t , (F.1)

with ε∗t ≡ κ (1 + ϕ)Ω3a
∗
t + κσGΩ4g

∗
t . Combining this equality and Eq.(D.46),

we have:

πWt = δEtπ
W
t+1 +

κλ

1− σG
ŷWt + εWt .

Note that εWt = Ω5γξH,t + Ω5γξF,t + Ω5 (1− γ) ξN ,t + Ω5 (1− γ) ξ∗N ,t − Ω6ξWG,t
with Ω5 ≡ κ(1+ϕ)Ω3

2 and Ω6 ≡ κσGΩ4.
Firstly, we calculate the system of the average block. Substituting Eq.(22)

in the text into this equality, we have:

Etŷ
W
t+1 = Ω7δ

−1ŷWt − δ−1ŷWt−1 + Ω8δ−1εWt , (F.2)

with Ω7 ≡ 1−σG
Λπκλ

³
1 + δ + Ω8κλ

1−σG

´
and Ω8 ≡ Λπκλ

Λy(1−σG) . Its vector form is given

by: ∙
Etŷ

W
t+1

ŷWt

¸
=M

∙
ŷWt
ŷWt−1

¸
+

∙
Ω8δ

−1

0

¸
εWt

with M ≡
∙
Ω7δ

−1 −δ−1
1 0

¸
.

33See Monacelli[25] and Walsh[34].
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These roots are the solution to the characteristic equations as follows:

Ψ2 − tr (M) + det (M) = 0,
with tr (M) = Ω7δ

−1 = Ψ1 +Ψ2 and det (M) = δ−1 = Ψ1Ψ2 > 1.
Let us suppose | Ψ1 |< 1. Ψ2 satisfies:

Ψ1 < 1 < δ−1 < Ψ2 = δ−1Ψ−11 .

The pair of solutions to the characteristic equation is as follows:

Ψ1,2 =
Ω7
2δ

Ã
1±

s
1− 4δ

Ω27

!
,

with Ψ1,2 denoting the pair of solutions to the characteristic equation.
Eq.(F.2) can be rewritten as:µ

1− Ω7
δ
L +

1

δ
L2
¶
ŷWt =

Ω8
δ
εWt−1, (F.3)

where L is the lag operator. The coefficient on the LHS in Eq.(F.3) can be
rewritten as:

1− Ω7
δ
L +

1

δ
L2 = (1−Ψ1L) (1−Ψ2L) .

Substituting this into Eq.(F.3), we have:

(1−Ψ1L) (1−Ψ2L) ŷWt =
Ω8
δ
εWt . (F.4)

Because (1−Ψ2L)−1 = −
P∞

k=1 (Ψ2L)
−k, this can be rewritten as:

(1−Ψ1L) ŷWt = −Ω8Ψ1εWt ,
where we use the fact that Ψ2 = δ−1Ψ−11 . Thus, the final form of the solution
is given by:

ŷWt = −Ω8Ψ1
∞X
k=0

Ψk1ε
W
t−k. (F.5)

Secondly, we calculate the system of the relative block. Subtracting its
counterpart in country F from Eq.(D.46), we have:

πRt = δEtπ
R
t+1 +

κλ

1− σG
ŷRt + εRt ,

with εRt = 2Ω5γξH,t − 2Ω5γξF,t + 2Ω5 (1− γ) ξN ,t − 2Ω5 (1− γ) ξ∗N ,t − Ω6ξRG,t.
Substituting Eq.(25) in the text into this equality and using a similar procedure
to derive Eq.(F.5), we have:

ŷRt = −Ω8Ψ1
∞X
k=0

Ψk1ε
R
t−k. (F.6)
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Note that vt = v
W
t + 1

2v
R
t . Thus, combining Eqs.(F.5) and (F.6), we have:

ŷt = −Ω8Ψ1
∞X
k=0

Ψk1εt−k. (F.7)

Subtracting Eq.(F.7) with a one period lag from Eq.(F.7), we have:

(ŷt − ŷt−1) = Ω8Ψ1 (1−Ψ1)
∞X
k=0

Ψk−11 εt−k − Ω8εt. (F.8)

The FONCs under the optimal monetary and policy regime imply:

πP,t = −Ω−18 (ŷt − ŷt−1) . (F.9)

Combining Eqs.(F.7) and (F.8), we have:

πP,t = −
"
Ψ1 (1−Ψ1)

∞X
k=0

Ψk−11 εt−k − εt
#
. (F.10)

Note that v∗t = v
W
t − 1

2v
R
t . Thus, combining Eqs.(F.5) and (F.6), we have:

ŷ∗t = −Ω8Ψ1
∞X
k=0

Ψk1ε
∗
t−k. (F.11)

Subtracting Eq.(F.7) with a one period lag from Eq.(F.7) yields:

¡
ŷ∗t − ŷ∗t−1

¢
= Ω8Ψ1 (1−Ψ1)

∞X
k=0

Ψk−11 ε∗t−k − Ω8ε∗t . (F.12)

The FONCs under the optimal monetary and policy regime imply:

π∗P,t = −Ω−18
¡
ŷ∗t − ŷ∗t−1

¢
. (F.13)

Combining Eqs.(F.7) and (F.8), we have:

π∗P,t = −
"
Ψ1 (1−Ψ1)

∞X
k=0

Ψk−11 ε∗t−k − ε∗t

#
. (F.14)

Eq.(F.7) implies:

ŷ2t = (Ω8Ψ1)
2
∞X
k=0

Ψ2k1 ε2t−k. (F.15)

Eq.(F.10) implies:

(πP,t − εt)2 = Ψ21 (1−Ψ1)2
∞X
k=0

Ψ
2(k−1)
1 ε2t−k. (F.16)
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The LHS in Eq.(F.16) can be rewritten as:

(πP,t − εt)2 = π2P,t − 2πP,tεt + ε2t . (F.17)

Multiplying by εt on both sides of Eq.(F.10), we have:

πP,tεt = Ψ1ε
2
t , (F.18)

because the serial correlation of shocks is zero. Combining Eqs.(F.17) and (F.18)
yields:

(πP,t − εt)2 = π2P,t + (1− 2Ψ1) ε2t . (F.19)

Combining Eqs.(F.16) and (F.19), we have:

π2P,t = Ψ
2
1 (1−Ψ1)2

∞X
k=0

Ψ
2(k−1)
1 ε2t−k − (1− 2Ψ1) ε2t . (F.20)

By using a similar procedure to derive Eqs.(F.15) and (F.20), we have:

(ŷ∗t )
2 = (Ω8Ψ1)

2
∞X
k=0

Ψ2k1
¡
ε∗t−k

¢2
, (F.21)

¡
π∗P,t

¢2
= Ψ21 (1−Ψ1)2

∞X
k=0

Ψ
2(k−1)
1

¡
ε∗t−k

¢2 − (1− 2Ψ1) (ε∗t )2 . (F.22)
Under the self-oriented setting, the Lagrangian for country H is given by:

$ = E0

( ∞X
t=0

δt
∙
Lt + μ1,t

µ
ỹWt −

βW
1− σG

ỹWt+1 + βW r̂t − βWπWt+1 −
βW
δ
r̂t−1

+
βW
δ
πWt + βW b

W
t −

βW
δ
bWt−1

¶
+ μ2,t

£
ỹRt + βRδb

R
t − βR (1− γ) υnt

+βR (1− γ) nt−1] + μ3,t

µ
πP,t − δπP,t+1 −

κλ

1− σG
ỹt

¶
+ μ4,t

¡
π∗P,t

−δπ∗P,t+1 −
κλ

1− σG
ỹ∗t

¶
+ μ5,t

µ
nt −

δ

1 + δ + κ
nt+1 +

κϕ

1 + δ + κ
ỹRt

− 1

1 + δ + κ
nt−1

¶¸
+ μ6,t

∙
πWt +

(1− σG)Λy
κλΛπ

ŷWt −
(1− σG)Λy

κλΛπ
ŷWt−1

¸
+ μ7,t

∙
πRP,t +

(1− σG)Λy
κλΛπ

ŷRt −
(1− σG)Λy

κλΛπ
ŷRt−1 +

2 (1− σG)
Λπκλ

μ2,t

−2 (1− σG)
Λπκλ

μ2,t−1 +
4 (1− σG)κϕ

Λπκλ (1 + δ + κ)
μ5,t −

4 (1− σG)κϕ
Λπκλ (1 + δ + κ)

μ5,t−1

¸
+μ8,t

∙
μ5,t − (1− γ) βRυμ2,t −

1

1 + δ + κ
μ5,t−1

¸¾
.
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Because the central bank conducts optimal monetary policy, the FONCs un-
der the optimal monetary policy alone, Eq.(24) in the text, appear in this
Lagrangian as constraints. A similar Lagrangian is given for the government
in country F although L∗t replaces Lt. Note that any exogenous shifters are
omitted in this Lagrangian.

The government in country H chooses the sequence {πP,t, ŷt, nt, bt}∞t=0 while
the government in country F chooses the sequence

©
π∗P,t, ŷ

∗
t , nt, b

∗
t

ª∞
t=0

under
commitment. The FONCs are given by:

ΛππP,t +
βW
2δ

μ1,t + μ3,t −
βW
2δ

μ1,t−1 − μ3,t−1 +
1

2
μ6,t + μ7,t = 0

Λyŷt +
1

2
μ1,t + μ2,t −

κλ

1− σG
μ3,t +

κϕ

1 + δ + κ
μ5,t −

βW
(1− σG) 2δ

μ1,t−1

+
(1− σG)Λy
κλΛπ2

μ6,t +
(1− σG)Λy

κλΛπ
μ7,t = 0

−βR (1− γ) υμ2,t + μ5,t −
1

1 + δ + κ
μ5,t−1 = 0

βW
2
μ1,t + βRδμ2,t = 0

Λππ
∗
P,t +

βW
2δ

μ1,t + μ4,t −
βW
2δ

μ1,t−1 − μ4,t−1 +
1

2
μ6,t − μ7,t = 0

Λy ŷ
∗
t +

1

2
μ1,t + μ2,t −

κλ

1− σG
μ4,t −

κϕ

1 + δ + κ
μ5,t −

βW
(1− σG) 2δ

μ1,t−1

+
(1− σG)Λy
κλΛπ2

μ6,t −
(1− σG)Λy

κλΛπ
μ7,t = 0

βW
2
μ1,t − βRδμ2,t = 0.

(F.23)

The fourth and the seventh equalities in Eq.(F.23) imply:

μ1,t = 0 ; μ2,t = 0. (F.24)

The third equality in Eq.(F.23) and Eq.(F.24) imply:

μ5,t = 0, (F.25)

given the initial condition μ5,−1 = 0. Substituting Eqs.(F.24) and (F.25) into
the first, the second, the fifth and the sixth equalities in Eq.(F.23) yields:

ΛππP,t + (μ3,t − μ3,t−1) +
1

2
μ6,t + μ7,t = 0 (F.26)

Λy ŷt −
κλ

1− σG
μ3,t +

(1− σG)Λy
κλΛπ2

μ6,t +
(1− σG)Λy

κλΛπ
μ7,t = 0 (F.27)

Λππ
∗
P,t + (μ4,t − μ4,t−1) +

1

2
μ6,t − μ7,t = 0 (F.28)

Λy ŷ
∗
t −

κλ

1− σG
μ4,t +

(1− σG)Λy
κλΛπ2

μ6,t −
(1− σG)Λy

κλΛπ
μ7,t = 0 (F.29)
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Eqs.(F.26) and (F.28) imply the following:

1

2
μ6,t = −ΛππWt −

1

2
(μ3,t − μ3,t−1)−

1

2
(μ4,t − μ4,t−1) (F.30)

μ7,t = −Λπ
2
πRP,t −

1

2
(μ3,t − μ3,t−1) +

1

2
(μ4,t − μ4,t−1) (F.31)

Combining Eq.(F.30) and Eq.(22) in the text, we have:

1

2
μ6,t =

(1− σG)Λy
κλ

¡
ŷWt − ŷWt−1

¢
− 1
2
(μ3,t − μ3,t−1)−

1

2
μ4,t. (F.32)

Combining Eqs.(F.27) and (F.29), we have:

−1
2
(μ3,t − μ3,t−1)−

1

2
(μ4,t − μ4,t−1) = −

(1− σG)Λy
κλ

¡
ŷWt − yWt−1

¢
− (1− σG)

2
Λy

(κλ)
2
Λπ

(μ6,t − μ6,t−1) .

Substituting this equality into Eq.(F.32) yields:"
1

2
+
(1− σG)2 Λy
(κλ)

2
Λπ

#
μ6,t =

(1− σG)2 Λy
(κλ)

2
Λπ

μ6,t−1.

This equality implies the following:

μ6,t = 0, (F.33)

given the initial condition μ6,−1 = 0.
Substituting Eqs.(F.24) and (F.25) into Eq.(24) in the text, we have:

πRP,t = −
(1− σG)Λy

κλΛπ
ŷRt +

(1− σG)Λy
κλΛπ

ŷRt−1.

Combining this equality and Eq.(F.31) yields:

μ7,t =
(1− σG)Λy

κλ2

¡
ŷRt − ŷRt−1

¢
− 1
2
(μ3,t − μ3,t−1) +

1

2
(μ4,t − μ4,t−1) . (F.34)

Combining Eqs.(F.27) and (F.29), we have:

−1
2
(μ3,t − μ3,t−1) +

1

2
(μ4,t − μ4,t−1) = −

(1− σG)Λy
2κμ4,tλ

¡
ŷRt − ŷRt−1

¢
− (1− σG)

2 Λy
κλΛπ

(μ7,t − μ7,t−1) .

Combining this equality and Eq.(F.34), we have:

μ7,t = −
(1− σG)2 Λy

κλΛπ
(μ7,t − μ7,t−1) ,

which implies the following

μ7,t = 0, (F.35)
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given the initial condition μ7,−1 = 0.
Substituting Eqs.(F.33) and (F.35) into Eqs.(F.26)—(F.29) yields:

πP,t = − 1

Λπ
(μ3,t − μ3,t−1)

(μ3,t − μ3,t−1) =
(1− σG)Λy

κλ
(ŷt − ŷt−1)

π∗P,t = − 1

Λπ
(μ4,t − μ4,t−1)

(μ4,t − μ4,t−1) =
(1− σG)Λy

κλ

¡
ŷ∗t − ŷ∗t−1

¢
. (F.36)

Combining the first and the second equalities in Eq.(F.36) yields:

πP,t = −
(1− σG)Λy

κλΛπ
(ŷt − ŷt−1) . (F.37)

Combining the third and the fourth equalities in Eq.(F.36) yields:

π∗P,t = −
(1− σG)Λy

κλΛπ

¡
ŷ∗t − ŷ∗t−1

¢
. (F.38)

Combining Eqs.(F.37) and (F.38) yields:

πWt = − (1− σG)Λy
κλΛπ

¡
ŷWt − ŷWt−1

¢
,

πRt = − (1− σG)Λy
κλΛπ

¡
ŷRt − ŷRt−1

¢
,

which correspond to Eqs.(22) and (25) in the text, respectively. Thus, the
optimality conditions for self-oriented fiscal authorities are the same as the one
under the optimal monetary and fiscal policy regime. This implies that the
social loss is the same between the optimal monetary and fiscal policy regime
under the cooperative setting and the self-oriented fiscal authorities with optimal
monetary policy.

The definitions of the composite cost push terms imply the following:

ε2t = Ω9ξ
2
H,t + Ω10ξ

2
N ,t + Ω11ξ

2
G,t

(ε∗t )
2
= Ω9ξ

2
F,t + Ω10

¡
ξ∗N ,t

¢2
+ Ω11

¡
ξ∗G,t

¢2
,

with Ω9 ≡ [κ (1 + ϕ)Ω3γ]
2
, Ω10 ≡ [κ (1 + ϕ)Ω3 (1− γ)]2 and Ω11 ≡ (κσGΩ4)2.

Substituting these equalities into Eqs.(F.15), (F.20) to (F.22) yields:

ŷ2t = (Ω8Ψ1)
2
∞X
k=0

Ψ2k1
¡
Ω9ξ

2
H,t−k + Ω10ξ

2
N ,t−k + Ω11ξ

2
G,t−k

¢
π2P,t = Ψ21 (1−Ψ1)2

∞X
k=0

Ψ
2(k−1)
1

¡
Ω9ξ

2
H,t−k + Ω10ξ

2
N ,t−k + Ω11ξ

2
G,t−k

¢
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− (1− 2Ψ1)
¡
Ω9ξ

2
H,t + Ω10ξ

2
N ,t + Ω11ξ

2
G,t

¢
(ŷ∗t )

2 = (Ω8Ψ1)
2
∞X
k=0

Ψ2k1

h
Ω9ξ

2
F,t−k + Ω10

¡
ξ∗N ,t−k

¢2
+ Ω11

¡
ξ∗G,t−k

¢2i
¡
π∗P,t

¢2
= Ψ21 (1−Ψ1)2

∞X
k=0

Ψ
2(k−1)
1

h
Ω9ξ

2
F,t−k + Ω10

¡
ξ∗N ,t−k

¢2
+ Ω11

¡
ξ∗G,t−k

¢2i
− (1− 2Ψ1)

h
Ω9ξ

2
F,t + Ω10

¡
ξ∗N ,t

¢2
+ Ω11

¡
ξ∗G,t

¢2i
(F.39)

Substituting Eq.(F.39) into Eq.(20) in the text, we have:

LWt =
Ψ1

2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)

¸
{Ω9 [var (ξH,t) + var (ξF,t)]

+Ω10
£
var (ξN ,t) + var

¡
ξ∗N ,t

¢¤
+ Ω11

£
var (ξG,t) + var

¡
ξ∗G,t

¢¤ª
,

where we take the expectation in period zero on both sides. Substituting this
equality into Eq.(19) in the text yields:

LW =
Ψ1

(1− δ) 2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)

¸
{Ω9 [var (ξH,t) + var (ξF,t)]

+Ω10
£
var (ξN ,t) + var

¡
ξ∗N ,t

¢¤
+ Ω11

£
var (ξG,t) + var

¡
ξ∗G,t

¢¤ª
. (F.40)

Substituting Eq.(F.39) into Eq.(26) in the text, we have:

LNCt =
Ψ1

2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)

¸
[Ω9var (ξH,t) + Ω10var (ξN ,t)

+Ω11var (ξG,t)] ,

where we take the expectation in period zero on both sides. Substituting this
equality into the definition of the respective loss in country H in the text yields:

LNCt =
Ψ1

(1− δ) 2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)

¸
[Ω9var (ξH,t) + Ω10var (ξN ,t)

+Ω11var (ξG,t)] .

Substituting this equality and its counterpart in country F into the definition
of the union-wide social loss brought about by self-oriented fiscal authorities in
both countries, we have:

LNCW =
Ψ1

(1− δ) 2 (1−Ψ21)

∙
ΛyΩ8Ψ1

2
+ Λπ (1−Ψ1)

¸
{Ω9 [var (ξH,t) + var (ξF,t)]

+Ω10
£
var (ξN ,t) + var

¡
ξ∗N ,t

¢¤
+ Ω11

£
var (ξG,t) + var

¡
ξ∗G,t

¢¤ª
,

which implies that LW = LNCW . Furthermore, this equality and Eq.(F.40)
correspond to the equality on page 24 of the text.
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Table 1: Macroeconomic Volatility in the Case where All Goods are Tradables
(γ = 1)

Variable Regime Shocks
aH,t aN ,t gWt gRt

ŷWt OMP 2.5471e-004 0.0000 0.0013 0.0000
OMFP 2.5471e-004 0.0000 0.0013 0.0000

πWt OMP 1.3760e-005 0.0000 6.0145e-005 0.0000
OMFP 1.3760e-005 0.0000 6.0145e-005 0.0000

ŷt OMP 0.0070 0.0000 0.0013 0.0083
OMFP 5.0941e-004 0.0013 0.0013 0.0078

ŷ∗t OMP 0.0065 0.0000 0.0013 0.0083
OMFP 0.0000 0.0000 0.0013 0.0078

πP,t OMP 0.0080 0.0000 6.0145e-005 0.0301
OMFP 2.7784e-005 0.0000 6.0145e-005 3.6616e-004

π∗P,t OMP 0.0080 0.0000 6.0145e-005 0.0301

OMFP 5.3753e-006 0.0000 6.0145e-005 3.6616e-004
qt OMP 0.0000 0.0000 0.0000 0.0000

OMFP 0.0000 0.0000 0.0000 0.0000
r̂t OMP 0.0119 0.0000 0.0178 0.0000

OMFP 6.8816e-004 0.0000 0.0016 0.0000
bt OMP 0.0000 0.0000 0.0000 0.0000

OMFP 0.0135 0.0000 0.0162 0.0088
b∗t OMP 0.0000 0.0000 0.0000 0.0000

OMFP 0.0088 0.0000 0.0162 0.0088
Notes:
OMP: Optimal monetary policy alone
OMFP: Optimal monetary and fiscal policy
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Table 2: Macroeconomic Volatility in the Benchmark Case (γ = 0.5)

Variable Regime Shocks
aH,t aN ,t gWt gRt

ŷWt OMP 1.2655e-004 1.5016e-004 0.0013 0.0000
OMFP 1.2655e-004 1.5016e-004 0.0013 0.0000

πWt OMP 6.8366e-006 7.0097e-006 6.0145e-005 0.0000
OMFP 6.8366e-006 7.0097e-006 6.0145e-005 0.0000

ŷt OMP 0.0018 0.0022 0.0013 0.0047
OMFP 2.5391e-004 2.9940e-004 0.0013 0.0078

ŷ∗t OMP 0.0016 0.0020 0.0013 0.0047
OMFP 8.0096e-007 9.2692e-007 0.0013 0.0078

πP,t OMP 0.0081 0.0121 6.0145e-005 0.0408
OMFP 1.4054e-005 1.4184e-005 6.0145e-005 3.6616e-004

π∗P,t OMP 0.0081 0.0121 6.0145e-005 0.0408
OMFP 2.4640e-006 2.2170e-006 6.0145e-005 3.6616e-004

qt OMP 0.0035 0.0048 0.0000 0.0105
OMFP 5.4188e-006 5.8689e-006 0.0000 0.0128

r̂t OMP 0.0059 0.0074 0.0178 0.0000
OMFP 3.4418e-004 3.8585e-004 0.0016 0.0000

bt OMP 0.0000 0.0000 0.0000 0.0000
OMFP 0.0068 0.0088 0.0162 0.0066

b∗t OMP 0.0000 0.0000 0.0000 0.0000
OMFP 0.0044 0.0052 0.0162 0.0066

Notes:
OMP: Optimal monetary policy alone
OMFP: Optimal monetary and fiscal policy
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Figure 1: IRFs under Optimal Monetary Policy Alone in the Case where All
Goods Are Tradable
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Figure 2: IRFs under Optimal Monetary Policy Alone in the Benchmark Case
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Figure 3: IRFs under Optimal Monetary Policy and Fiscal Policy in the Case
where All Goods Are Tradable
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Figure 4: IRFs under Optimal Monetary Policy and Fiscal Policy in the Bench-
mark Case
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Figure 5: Effect on Welfare of Varying Shares of Tradable Goods
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